⋆

→

→

→

{ }

1 In tro duction

Abstract.

Keywords:

e.mail: slucas@dsic.upv.es

normal form

r eplacing

r eplac ement map

if-then-else

T ermination of con text-sensitiv e rewriting b y

rewriting

⋆

Σ

μ Σ ℘ I N

if tr ue, x, y x

if f al s e, x, y y

if cond, t, s

if cond

μ if

if cond, t, s

Departamento de Sistemas Inform´ aticos y Computaci´ on

Universidad Polit́ ecnica de V alencia

Camino de V era s/n, E-46071 V alencia, Spain.

Context-sensitive rewriting allows us to deal with certain

context-replacin g restrictions in p erforming reduction steps. This is use-

ful in avoidin g undesirabl e reductions . In this pap er, we study termina-

tion of context-sensiti ve rewriting. W e give some condition s under which

it is p ossible to analyze the termination of the context-sensitive rewrite

relation induced by a term rewriting system by means of any metho d to

prove termination of rewriting. This allows us to apply all known (and

forthcoming) results on termination to context-sensitive rewriting.

term rewriting, functional programming, termination.

This work has b een partiall y supp orted by CICYT under grant TIC 95-0433-C03-03.

Salv ador Lucas

T erm Rewriting is traditionally considered the op erational semantics of func-

tional programming languages [3, 16]. A functional program is a set of equations

that are interpreted as left-to-right rewrite rules [5, 15]. Execution of the pro-

gram for any input data consists of the ev aluation of the term using the rewrite

rules until it cannot b e further reduced (i.e. until a is reached). In

a terminating system, no infinite computations are p ossible.

In context-sensitive rewriting [12, 13], for each symb ol in the signature we

fix the set of arguments by means of a mapping : ( ) (the

) which sp ecifies the set of p ositions which can eventually b e

reduced. This is useful to express some requirements on the ‘intended meaning’

of a function. F or example, consider the standard functional definition of the

op eration:

( )

( )

Given an input ( ), we are not interested in reductions on the sec-

ond and third arguments of the op eration until the condition has b een

ev aluated. By defining a replacement map such as ( ) = 1 , the undesirable

reductions on the second and third imm ediate subterms of the term ( )

can b e avoided with no extra control.

′ ′

u u

u

→

→

{

} → T

≤

|

2 Preliminaries

>

t > s t s

l r

l > r >

Σ Σ

V

Σ

. . . ar Σ I N Σ , V

V ar t t

u, v , . . .

t u v

v v u.v O t t

t u t t s t

u s C t

u s C s t

‘it is often c onvenient to sep ar ate r e duction or derings into

a homomorphism fr om terms to an algebr a with a no etherian or dering’

termination functions

homomorphism

extr action function

c ontr acte d c ontr acting

pseudo pr oje cts

c ontr acte d

c ontext

Context-sensitive rewriting has some strong connections with the lazy strate-

gies of functional programming languages. Actually

, the mechanism which allows

us to prevent the ev aluation of some expressions can also b e used to declare that

these reductions need not to b e done. Although giving supp ort to lazy reduction

techniques is not the main motiv ation of our work, context-sensitive rewriting

do es allow us to express fixed, meaningful and easily implementable restrictions

on rewriting, similarly to the way that lazy reduction techniques approximate

‘needed’ reductions ` a la Huet and Ĺ evy [10]. An approach to these questions

which is related with our work can b e found in [9].

In this pap er, we address the problem of the termination of context-sensitive

rewriting by using any metho d to prove that a TRS terminates. T ermination of

rewriting is normally proved by defining a no etherian ordering on terms and

checking whether whenever (Manna and Ness’ theorem, [14]). This is

equiv alent to proving that each instance of every rule in the TRS satisfies

in a monotonic no etherian ordering (Kamin and Ĺ evy , [8]). As suggested

by Manna and Ness,

. This can

b e achieved by means of [2, 4]. A termination function is

a from terms to a -algebra (where is the underlying signa-

ture). It can also b e considered as an from terms to multisets

of selected immediate subterms (see [4]). W e show that we can often prove termi-

nation of context-sensitive rewriting by first transforming the original TRS into

a TRS on a new signature by means of a function. This

function can b e thought of as a -termination function in that it

the original set of terms onto a new set of terms on which we can use

the standard metho ds.

The pap er is organized as follows. In Section 2, we briefly recall the technical

concepts used in the remainder of the pap er. In Section 3, we formulate some ba-

sic prop erties of context-sensitive rewriting. Section 4 provides two basic criteria

to ensure termination of context-sensitive rewriting. Section 5 concludes.

Let us first intro duce the main notations used in the pap er from [5, 11]. denotes

a countable infinite set of v ariables and denotes a set of function symb ols f,

g, , each with a fixed arity given by a function : . By ( ) we

denote the set of terms. ( ) is the set of v ariable symb ols in the term .

T erms are viewed as lab elled trees in the usual way

. Occurrence s are

represe nted by chains of p ositive natural numb ers used to address subterms of

. Occurre nce s are ordered by the standard prefix ordering: iff there is

a chain such that = . ( ) denotes the set of o ccurrences of a term .

is the subterm at o ccurrence of . [ ] is the term with the subterm at

the o ccurrenc e replaced with . W e refer to any term that is the same as

everywhere except b elow , i.e. there exists a term such that [ ] = , as the

within the replacement o ccurs.

1 q

i f

f

f

R

R

∗

′ ′

⊥ ⊤

⊥ ⊤

+

+ +

0

1 2 +1

1

1

+

+

1

+

( )

+

( )

(

~

[ ] )

3 Con text-sensitiv e rewriting u u

k

n n

k k

i i

q

k

J J j j

i

i

J

k

k

ar

Σ

Σ

ar

μ,t

μ,t

μ, t s μ,s

μ,t

μ,t

u

→ ∈ T

∉ ⊆

R

R

→ |

→ →

R

{ }

⊆ ×

∈

· · · · · ·

∈

≤ ≤

{ } ⊆

| ∩ |

→ ∈

→

∈ ⊆ N

⊆ ⊑

⊑ ⊆ ∈ ⊑

∈

∈ T

⇔ ∈ ∧

|

3.1 Basic definitions of context-sensitive rewriting

Definition 3.1 (Replacement map)

Definition 3.2 (Replacement condition) l , r l r l , r Σ , V

l V V ar r V ar l l

r Σ , R R

Σ , R t s

u t s t σ l s t σ r

l r R u t σ

I N , , . . . k

I N I N A A A

x y x, y

a a a a

A x , . . . , x x x A

x y i, i k x y x

x J j , . . . , j I N

x q x J x x , . . . , x

i x x I N J x

B ψ A B x A ψ x

ψ ψ x , . . . , ψ x

Σ μ

Σ ℘ I N Σ Σ

Σ . μ

℘ I N M Σ

μ μ μ μ Σ M , , μ , μ

μ μ I N Σ

Σ μ

Σ t Σ , V γ

O t

γ ε

γ i.u i μ γ u

u t γ

γ u u

t lhs

rhs

no etherian terminating

extr acte d

L et b e a signatur e. A mapping

is a r eplac ement map (or -map) for the signatur e iff for al l

.

L et b e a signatur e and b e a

-map. L et b e a term. The r eplac ement c ondition is a r elation

define d on the set of o c curr enc es as fol lows:

.

.

We say that the o c curr enc e of a term satisfies the r eplac ement c ondition

iff .We also say that is a r eplacing o c curr enc e of t or that the subterm

is a r eplacing subterm.

A rewrite rule is an ordered pair ( ), written , with ( ),

and ( ) ( ). is said to b e the left-hand side ( ) of the rule

and is the right-hand side ( ). A TRS is a pair = ( ) where is a set

of rewrite rules. F or a given TRS = ( ), a term rewrites to a term (at

the o ccurrence ), written , if = ( ) and = [ ( )] , for some rule

in , o ccurrence in and substitution . is the one-step rewrite

relation for .

is an initial segment 1 2 of the set of p ositive natural numb ers

, where = Ø . W e let R denote a binary relation on , i.e., R .

W e will often write R for ( ) R. W e let R denote the reflexive-transitive

closure of R. A relation R is (or ) iff there is no infinite

sequence R R .

Given a set , we denote a k-tuple of elements as ~, i.e. ~ . By

~[ ] for any 1 we denote a k-tuple where is replaced by in ~. Given

a k-tuple ~ and a set of p ositive natural numb ers = , denote

as ~ the -ary tuple of elements in ~ by , i.e. ~ = . Note

that the -th comp onent of ~ is the -th comp onent of ~ . Given a

set , a function : and a k-ary tuple ~ , we denote as ( ~ ) the

k-ary tuple of transformed-by- elements, i.e. ( ) ( ).

The idea b ehind the concept of context-sensitive rewriting [12, 13] is to imp ose a

syntactic replacement condition which prevents some reductions. This is achieved

by using a map on the signature we call replacement map.

:

( ) f

(f)

The ordering on ( ) extends to an ordering on , the set of all -maps:

iff (f) (f) for all f . It is immediate to see that ( )

is a complete lattice where (f) = Ø and (f) = for all f .

The replacement map determines the argument p ositions which can b e re-

duced for each symb ol on the signature. The replacement condition indicates the

o ccurrences which can b e rewritten.

( )

( )

( )

( ) ( (f)) ( )

( )

⊤

′

( ) ( )

( )

( )

( )

( ) ( )

R R R

∗

R

R

⊤

⊤

R R

′ ′

R R t

μ

μ

t μ

s

μ

s

μ

u μ μ

μ

x

μ μ

μ

μ

μ

u u μ

μ

μ μ

∈ ⇔ ∈ ∧

∈ ⇔

∈ ∧ | ∈ ⇔

R

→ → ∈ →

R →

R

R

→ →

→

{ }

{ }

{ }

→ ⇒ → ∈

∈

R

→ →

→ ⊑ R

⊑ ⇒ → ⊆ →

→ →

→ → γ u

O t

t u O t u O t γ u O t

s t u O t

u O t t s V ar t t x V ar t

O t

Σ , R μ Σ t μ s

t s t s u O t

μ

μ

Σ , R Σ μ

ρ x x t ,

μ ρ t

u u μ

μ ρ

μ ρ

μ , ρ

t s C t C s u O C

Σ μ

t u O t

μ

Σ , R

μ, μ Σ μ μ

and or

and tr ue, x x or tr ue, x tr ue

and f al se, x f al se or f al se, x x

Definition 3.3 (One-step context-sensitive rewrite relation)

Example 3.4

Remark 3.5

Prop osition 3.6 (Monotonicit y of with resp ect to )

3.2 Examples of application

Improving the ev aluation of expressions.

r eplacing

r eplacing variables

L et

b e a TRS and b e a -map. A term -r ewrites to a term , written

, if at the o c curr enc e . is the one-

step c ontext-sensitive r ewrite r elation of wrt . is the c ontext-sensitive

r ewrite r elation of wrt .

L et b e a rule and b e a term.

a) If Ø, then c annot b e applie d to r e duc e , b e c ause neither the o c cur-

r enc e nor satisfy the r eplac ement c ondition wrt .

b) If , then c an b e applie d to r e duc e , but it c annot b e applie d to

r e duc e .

c) If , then c an b e applie d to r e duc e , but it c annot b e applie d to

r e duc e .

d) If , then c an b e applie d to r e duc e b oth and .

r eplacing

Note that with the top -map the r eplac ement c ondition is

satisfie d for every term and o c curr enc e . This is to say that, given a

TRS , the one-step c ontext-sensitive r ewrite r elation for c oincides with the

standar d one-step r ewrite r elation, i.e. .

L et

b e a TRS and b e -maps. Then .

short-cut

W e write ( ) when the replacement map is clear from the context. Some new

notation entailed by the concept of replacement condition: ( ) is the set of

o ccurrenc es of a term : ( ) ( ) ( ). ( ) is the

(p ossibly empty) set of replacing o ccurrenc es of a subterm of : ( )

( ) = . ( ) is the set of of : ( )

( ) = Ø.

=

( )

replacing ( )

In the sequel, we assume that the TRS = ( ) and -map are given, and

we drop references to them by just writing instead of to denote the

one-step context-sensitive rewrite relation.

: f( ) = g(f(a) f(b))

(g) =

= 1 = 2

(g) = 1 f(a)

f(b)

(g) = 2 f(b)

f(a)

(g) = 1 2 f(a) f(b)

By analogy to standard rewriting, context-sensitive is closed under

context application, i.e., [ ] [ ] for every ( ).

( )

=

Given a TRS, the following prop osition relates the one-step context-sensitive

rewrite relations induced by comparable replacement maps.

= ( )

The rules which define the b o olean op erators , of Lisp are:

( ) ( )

( ) ( ) μ

□ f f

− − 1 1 1 1 i k i k

Proof

( ) ( )

( )

→

→

→

R

′

′ ′

4 -termination

{ }

→

→

{ }

→

∈

R R

R

R R →

R

⊑ R R l r

t s

t ,...,t ,t,...,t t ,...,t ,s,...,t

μ

Mechanizing Inference Systems.

Definition 4.1 ( -termination)

Prop osition 4.2 and t, s or t, s

μ and μ or

head x L x

tail x L L

head tail

μ μ

l r

i μ k

i

β

λ π

μ Σ , R μ Σ

μ μ

Σ , R μ, μ Σ

μ μ μ μ false true

he ad

tail

c ons

c ons

r eplacing

L et b e a TRS and b e a -map.

We say that -terminates (or is -terminating) iff is no etherian.

L et b e a TRS. L et b e two -maps such that

. If -terminates, then -terminates.

It is sensible to ev aluate up to the normal form the first argument of an input

term ( ) ( ( )), since the outcome is necessary to determine which rule

has to b e applied to the ro ot. According to the rules, if the first argument reduces

to ( ), then any reduction on the second argument is useless, since it

do es not contribute to computing the v alue of the resulting expression.

A replacement map ( ) = ( ) = 1 , has the effect of delaying the

ev aluation of redexes which are different from the first argument of the term.

In manipulating lists, another case of study arises. Let us consider the

and functions, whose b ehavior is as follows:

( :: )

( :: )

only requires the ev aluation of the head of the list and only ev al-

uates the rest of the list. This p oints are only of interest if (i.e. ‘::’) do es

not ev aluate its arguments systematically

. Programming Languages have b een

conceived where do es not ev aluate its arguments (or, at least it do es not

ev aluate its second argument) (see [6, 11]). This b ehavior can easily b e achieved

in context-sensitive rewriting, by defining (::) = Ø (or (::) = 1 ).

Context-sensitive rewriting can b e formulated as an Inference System by consid-

ering each rewrite rule as a (scheme of ) axiom: , and intro ducing as

many context-passing rules [11] as replacing indices (f) for each -ary func-

tion symb ol ‘f ’ in the signature. That is, for each argument p osition ,

we define the (scheme of ) rule .

Different computational systems have b een formalized by using Inference Sys-

tems whose axioms and rules match these patterns, as they are weak -reduction,

call-by-name reduction strategies of -calculus, and -calculus. Therefore, we can

use context-sensitive rewriting as a suitable mechanization of the execution of

pro cesses of these systems. In this way

, we can exploit existing rewriting devices

(reduction machines, graph reduction, etc.) for efficient implementations [7, 15].

W e would like to compare the termination b ehavior of the standard rewriting

in a given TRS and the context-sensitive rewriting in given a replacement

map. T o distinguish them, we intro duce the following preparatory definition.

= ( )

= ( )

. By contradiction, using Prop osition 3.6.

⊤

( )

□

□ □ □

Proof

R R

∗

R

R

R μ

μ

μ μ

μ

μ

μ μ

μ

R R

R R

R

→ →

T

→

C

C

R { } { →

} { }

R

C

→

{ }

∈ ∧ | | ⇔

∈

T → T

∈ μ

Σ , R μ Σ

μ

> Σ , V

> μ

σ l > σ r

l r σ

μ

μ

, , x , y

x, x , y μ μ μ

μ

l hs r hs l r

μ

l r μ

l > r x , y > x, x , y

x , y x, x , y

x , > x,

l > r

μ

μ

μ Σ μ Σ

μ Σ Σ ar μ

Σ

Σ Σ

μ Σ μ

Σ μ τ Σ , V Σ , V

τ x x x V

Theorem 4.3

Example 4.4

4.1 The contractive transformation

Definition 4.5 ( -contracted signature)

Definition 4.6 ( -contracting function)

–

L et b e a TRS and b e a -map. If terminates,

then -terminates.

criterion

L et us c onsider the nonterminating TRS

. If we take such that , then it is e asy to ver-

ify that any -r ewriting on wil l eventual ly terminate.

r eplacing

-c ontr acte d signatur e

L et b e a signatur e and b e a -

map. The -c ontr acte d signatur e is as fol lows:

.

L et b e a signatur e and b e a

-map. The is as fol lows:

if

Now we consider the Remark 3.5 to show that any criteria establishing the

termination of a TRS also establishes the -termination of .

= ( )

. Immediate from Prop osition 4.2, since = .

F rom Theorem 4.3, we can directly use any ordering on ( ) (for example

the recursive path ordering in [1, 2]) to check -termination of the context-

sensitive rewriting by just considering the rules in the TRS (without taking into

account the replacement map). Actually we only need to prove that ( ) ( )

for all rules in the TRS and substitutions . If this comparison succeeds ,

then Theorem 4.3 ensures that any context-sensitive rewriting will terminate. W e

refer to this metho d as the - to check -termination. Nevertheless ,

we can consider many -terminating TRSs despite the fact that the -test do es

not succeed.

= ( f g f(g( ) )

f( f(g( ) )) ) (f) = (g) = 1

The example shows that the -criterion is not complete. It also illustrates that,

when comparing the and of a rewrite rule in order to determine

-termination of the TRS, we only need to take into account the ar-

guments o ccurring in and . Roughly sp eaking, since (f) = 1 we would find

, i.e. f(g( ) ) f( f(g( ) )) if we forget the second immediate argu-

ment b oth in f(g( ) ) and f( f(g( ) )). This is similar to checking whether

f(g( ) ) f( ) (where expresse s the ‘unnecessary’ arguments, that will

not b e taken into account in order to prove ). This idea will b e formalized

in the following sections.

In the following section, we are able to state an interesting result: we can investi-

gate -termination of a TRS by studying termination of a contracted TRS built

using a new signature we call which we define as follows.

f (f ) = (f)

f

W e connect terms from b oth signatures and by means a function.

-contracting function : ( ) ( )

( ) = μ μ

□

□

′

′ ′ f

f

f

f f

f

f

Proof

Proof

( )

( )

+

+

( )

( ) ( )

( )

( )

T

T

R R

{ } { → }

∈

| ∩ |

|N ∩ |

∈ T ∈ T

∈ T

∈

∈ T

∈ T ∈ T

∈ T μ μ μ

μ

μ

μ

μ μ

μ

μ μ

μ μ

μ i μ μ

μ j

i

μ

i μ

μ μ

μ

μ

μ

μ

μ

ar

μ μ ar ar

μ ar

μ

–

Example 4.7

Prop osition 4.8

Prop osition 4.9 (Surjectivit y of ) τ t τ t

t

μ

μ

μ

Σ , V

Σ , V

τ

, , x x

μ

Σ μ Σ i μ

τ t s τ t s j I N μ

τ

i

t t μ τ t

τ μ τ

s Σ , V t Σ , V

s τ t

s Σ , V

s x V t x s

Σ

ar t

ar > τ μ

t t t Σ , V

s s s Σ , V t Σ , V

s τ t t t t Σ , V t t dr ops

homomorphism

ex-

tr action function

(Continue d fr om Example 4.4) We c an tr ansform the TRS under

c onsider ation into a ‘c ontr acte d’ TRS by applying . This gives:

.

L et b e a signatur e and b e a -map. If , then we

have with .

The -c ontr acting function is sur-

je ctive. That is, for e ach , ther e exists such that

.

(f(

~

)) = f ( (

~

))

Note that this function the non-replacing immediate subterms of a term

and constructs a ‘ -contracted’ term by joining the (also transformed) replacing

subterms b elow the corresp onding op erator of the -contracted signature. See

b elow for an illustrative example.

W e can observe that this is not a termination function (see [4]) since it is

neither a (the op erations in the contracted signature could have

a lesser arity than the corresp onding op eration in the original one) nor an

(b ecause (i) the extracted-by- subterms are joined by a new

function symb ol of the contracted signature and (ii) the subterms are also trans-

formed by the contracting function). Nevertheless, it deals with a task similar

to termination functions, i.e., translating the original set of terms ( ) into

a set (in this case ( )) on which we can demonstrate the terminating

b ehavior of context-sensitive rewriting.

=

( f g f (g ( )) f ( ) )

The next prop osition shows how the -contracting function changes the lo cation

of the immediate subterms.

(f)

(f(

~

[ ] )) = f ( (

~

[ ] )) = (f)

. Immediate from definition of .

F rom this prop osition, we know that the -th immediate (replacing) subterm of

= f(

~

) b ecomes the (f) -th immediate subterm of ( ).

( ) ( )

= ( )

. By structural induction on ( ).

1. Base case. If = , define = . If is a constant f , let f b e the

corresp onding symb ol of . Then we consider the following two cases:

(a) (f) = 0. Define = f.

(b) (f) 0. By definition of , this means that (f) = Ø. Then, we let

= f(

~

) for any

~

( ) .

2. Let = f ( ~

), with ~ ( ) . By I.H., there exists

~

( )

s.t. ~ = (

~

). Define = f(

~

), for some

~

( ) s.t.

~

=

~

.

□

□ i

i

′

′

′ f

f

f

∗

′

′ ′ ′

′

′ ′ ′

Proof

Proof

(

~

[ ] )

(

~

[ ] )

+

( )

+

∈ T

∈ T

T T

∈ T

→ − { }

∉

|N ∩ | ∈

∈ T ∈

∈ T

∈ | | ∈

|

| ∈ ∈

| ∩ |

∈ T

∈ ∈

∈ T ⊆ ⊆

∈ ∈

⊆ ∈ μ

μ μ

μ

μ μ

μ,t

μ,t

μ, t s

μ, t s i μ,s

t μ,t

μ

μ t

μ

μ

μ

u μ μ v μ

t

i.u

u

μ μ v s μ

μ μ i μ μ

μ j

i

μ μ

t s

μ

μ

μ

μ

μ

μ μ

μ μ

μ

μ

μ μ

μ

Definition 4.10

–

–

–

Prop osition 4.11

Prop osition 4.12 ( preserves the replacing subterms)

Corollary 4.13 ( preserves the replacing v ariables)

Prop osition 4.14 s Σ , V

τ t Σ , V τ t

s s τ t

Σ , V τ Σ , V

Σ μ Σ t Σ , V

ν O t I N

ν ϵ ϵ

ν i.u ϵ i μ

ν i.u μ .ν u i μ

ν ν μ

Σ μ Σ τ μ

t Σ , V u O t O τ t ν O t

τ Σ

μ Σ τ μ t Σ , V

u O t z t τ z τ t v O τ t

v ν u

t t z u i.u

i s t z s

τ z τ s v ν u i.u O t i μ

τ t τ t s τ t s j I N μ

τ z j.v τ t

ν i.u j.ν u j.v v

τ Σ

μ Σ τ μ t Σ , V

x V ar t x V ar τ t

Σ μ Σ τ μ

t, s Σ , V V ar t V ar s V ar τ t V ar τ s

x V ar t x V ar τ t

V ar t V ar s x V ar τ s

μ

L et b e a term and b e a -map. L et . The

function is as fol lows:

if

if

L et b e a signatur e, b e a -map and the -c ontr acting

function. L et and . Then we have .

L et b e a sig-

natur e, b e a -map and the -c ontr acting function. L et and

. Assume that . Then , wher e

satisfies that .

L et b e a signa-

tur e, b e a -map and the -c ontr acting function. L et . If

, then .

L et b e a signatur e, b e a -map and the -c ontr acting

function. L et . If , then .

This prop osition allows us to uniquely consider any term ( ) as the

image by of some term ( ). Therefore, we often write ( ) instead

of when = ( ).

W e need to establish some prop erties of the contracting function which will

b e used later. In particular, we are interested in relating the structure of a term

in ( ) and the corresp onding term (by ) in ( ). W e intro duce the

following definition.

( )

: ( ) ( 0 )

( ) =

( ) = (f)

( ) = (f) ( ) (f)

W e will write just instead of when the replacement map is clear from the

context. This function allows us to obtain the set of o ccurrences of a contracted

term from the o ccurrenc es of the original term.

( ) ( ) ( ( )) = ( ( ))

An interesting fact concerning the contracting function is related to the preser-

v ation of the replacing subterms.

( )

( ) = ( ) = ( ) ( ( ))

= ( )

. Structural induction. The base case is immediate. F or the induction

step, assume = f(

~

[ ] ), where = . Then, we can apply the induc-

tion hyp othesis to the -th imm ediate subterm of , since = . Therefore,

( ) = ( ) , where = ( ). Since ( ), (f) and by Prop o-

sition 4.8, we get ( ) = (f(

~

[ ] )) = f ( (

~

[ ] )), with = (f) .

Therefore, the subterm ( ) o ccurs at p osition in ( ). By Definition 4.10,

we have ( ) = ( ) = = , and the conclusion follows.

( )

( ) ( ( ))

( ) ( ) ( ) ( ( )) ( ( ))

. Let us take ( ). By Corollary 4.13, ( ( )). Since

( ) ( ), we also have ( ( )), which proves the claim.

In the following prop osition, we prove that the substitution application com-

mutes with the -contracting function.

μ

□

□ f

f

f f

( )

( )

( ) ( )

Proof

Proof

∈ T → T →

T ∈

∈

∈

T

→

→ { }

→

R

⊆ → ∈

R

R

R R

{ → | → ∈ }

R R

R

R

→ ∈

∉ ⊆

R μ

μ

μ

μ μ μ

μ μ

μ

ar

μ μ μ μ μ

μ

μ μ μ

μ μ μ μ

μ μ μ

μ μ

μ

μ μ

μ μ

μ μ μ

μ

μ

μ μ

μ μ μ

μ μ μ

μ μ μ

Prop osition 4.15

4.2 -termination and contracted signature

Definition 4.16 (TRS with conserv ative replacing v ariables)

Definition 4.17 ( -contracted TRS)

–

–

Prop osition 4.18

Σ μ Σ τ μ

t Σ , V σ V Σ , V σ V

Σ , V σ x τ σ x x V τ σ t

σ τ t

t x V

τ x x t t t

Σ , V τ σ t τ σ t τ σ t τ σ t

σ τ t σ τ t σ τ t

μ μ

μ l r

τ l , τ r

x , y y , x , y μ μ

μ x y

μ

Σ

μ Σ Σ , R

r hs R

l hs V ar r V ar l l r R

μ Σ , R μ

Σ

μ Σ , R

Σ μ

R τ l τ r l r R

Σ , R μ Σ

μ Σ , R

τ l τ r R

τ l V V ar τ r V ar τ l

μ

L et b e a signatur e, b e a -map and the -c ontr acting

function. L et and a substitution. L et

such that for al l . Then, we have

.

L et b e a

signatur e and b e a -map. A TRS has

if every r eplacing variable in the of a rule in is a r eplacing variable

in the of this rule. F ormal ly: for every rule .

L et b e a TRS and b e

a -map. If is a TRS with c onservative r eplacing variables, we define the

-c ontr action of as fol lows:

is the -c ontr acte d signatur e in Definition 4.5.

.

L et b e a TRS and b e a -map. If is a TRS

with c onservative r eplacing variables, then the -c ontr action of

of is a TRS.

( ) : ( ) :

( ) ( ) = ( ( )) ( ( )) =

( ( ))

. By structural induction. If = , then the result is immedi-

ate, since ( ) = . F or the induction step, we take = f(

~

) for some

~

( ) . By I.H., ( ( )) = ( (f(

~

))) = (f( (

~

))) = f ( ( (

~

))) =

f ( ( (

~

))) = (f ( (

~

))) = ( ( )).

The -contracting function allows us to prove -termination in context-sensitive

rewriting by proving termination of the ‘contracted’ TRS using any metho d.

However, there is one complication. The -contraction of the rewrite rules

of a TRS could lead to pairs ( ( ) ( )) which can not b e considered as rewrite

rules. F or example: the rule f(g( ) ) f( f(g( ) )) with (f) = (g) = 1

yields (by -contracting) the ‘rule’ f (g ( )) f ( ), which do es not satisfy the

standard non-extra v ariable condition of rewriting rules.

W e overcome this problem by imp osing a syntactical restriction on the TRSs

on which we want to analyse -termination.

= ( ) conserv ative replacing v ari-

ables

( ) ( )

= ( )

= ( )

= ( ) ( )

The following prop osition establishes the correctnes s of Definition 4.17.

= ( )

= ( )

. F or each rule ( ) ( ) , we need to check, whether it verifies

( ) and ( ( )) ( ( )). The first condition is immediate from

Definition 4.6 if is a TRS. The second condition follows imm ediately from

Definition 4.16 and Prop osition 4.14.

In order to connect -rewriting for a TRS and a replacement map and rewriting

sequences using the contracted TRS, we intro duce the following prop osition.

′

□

□ μ

μ

μ

Proof

Proof

( )

( )

( )

( )

1 2

1 2

R R

R

′

R

R

R R

R

R

∗

∗

R

′ ′ ′

′

R

′

′ μ

μ

μ μ

μ μ μ

μ μ

u u t

μ μ

μ μ

μ v μ

μ μ μ μ μ

μ μ

μ μ

μ μ μ μ v

μ μ v μ u μ

μ

μ μ

μ

μ μ μ μ μ μ

μ μ μ μ μ μ

μ

μ μ μ

μ

n

μ μ μ n μ

μ

μ

μ

μ

μ

μ

μ μ

μ μ μ

μ

μ

R R R

R

R → →

→ ∈ → ∈

→ T |

→ T ∈

|

→ ∈ → ∈

→

∈

→

→

R { } { → }

{ } R { } { → }

→ ̸→

R R R

R R

R R R

R

→ → · · · → → · · · R

→ → · · · → → · · · R

C

C

R R

T

{ } R

R

C

R

{ } R

C ⊑ R

R

Prop osition 4.19 ( -rewriting in and rewriting in )

Example 4.20

Theorem 4.21 ( -termination of when terminates)

Example 4.22

Example 4.23 μ Σ , R

μ Σ

Σ , R t s τ t τ s

t s u O t l r R

σ V Σ , V t σ l s t σ r v ν u

σ V Σ , V σ x τ σ x x V

τ t τ σ l

σ τ l l r R τ l τ r R

τ t v τ l

τ r R σ s τ t σ τ r

τ t τ σ r τ t σ r τ s

τ t

τ s t s

, , , ,

μ μ , , ,

τ , τ , τ ,

μ

μ Σ , R

μ Σ Σ , R

μ

μ

μ t t t

τ t τ t τ t

μ

μ

μ

μ

μ

> Σ , V

Σ , x > x

μ

μ

μ μ f μ g

μ

μ μ μ

μ

L et

b e a TRS with c onservative r eplacing variables and b e a -map. L et

b e the c ontr action of . If , then .

L et and c onsider a r eplac ement

map such that . Sinc e and

, we get . However, .

L et

b e a TRS and b e a -map. L et b e the c ontr acte d TRS of .

If is a TRS with c onservative r eplacing variables, then -terminates if

terminates.

criterion

We c an apply the -criterion to demonstr ate the -termination

of the TRS in the Example 4.4, using the -c ontr acte d TRS obtaine d in

Example 4.7. By using a r e cursive p ath or dering on b ase d on any

pr e c e denc e on , we get , i.e. terminates, and

ther efor e -terminates.

L et us c onsider the TRS and the r eplac ement map of Ex-

ample 4.4. L et b e given as fol lows: and . Then, do es

satisfies the c onservative r eplacing variables pr op erty w.r.t . Henc e we c an

not apply the -criterion. However, sinc e and is -terminating (se e

Example 4.22), by Pr op osition 4.2, is -terminating.

= ( )

=

( ) ( ) ( )

. If , then there exists ( ), and substitution

: ( ) such that = ( ) and = [ ( )] . Assume = ( ), and

: ( ) a substitution such that ( ) = ( ( )) for all .

By Prop osition 4.12 and Prop osition 4.15, we have that ( ) = ( ( )) =

( ( )). By Definition 4.17, if , then ( ) ( ) . There-

fore the term ( ) can b e rewritten at o ccurrence by using rule ( )

( ) and matching . The rewritten term is = ( )[ ( ( ))] =

( )[ ( ( ))] = ( [ ( )] ) = ( ).

The next example shows that the converse statement do es not hold, i.e. ( )

( ) do es not imply .

= ( a b f f(a b) a )

(f) = 1 = ( a b f f (a ) a )

(f(a a)) = f (a ) (f(a a)) (a) f(a a) a

The following theorem establishes the -termination of a TRS and a replacement

map when the contracted TRS terminates.

= ( )

= ( )

. By contradiction. Assume that do es not -terminate. Then there

exists an infinite -deriv ation in . By Prop osition

4.19, we get an infinite deriv ation ( ) ( ) ( ) in ,

which contradicts the initial hyp othesis.

This theorem gives us a new criterion to detect -termination of a TRS. Actually ,

we can use any standard metho d to check termination of the -contracted TRS.

W e refer to this new metho d as the - to check -termination.

( )

= f g f (g ( )) f ( )

Sometimes we can not use directly the -criterion, but it turns still useful in

combination with Prop osition 4.2.

( ) = 1 ( ) = Ø

not μ

□ Proof

R

R

R

R

R

R

R

R

R

R

5 Conclusions μ

μ

μ

μ μ μ

μ

μ

μ

μ μ μ

μ μ

, , x x

μ μ

μ

μ

, ,

μ

μ

μ

μ

μ Σ , R

Σ μ Σ , R

μ

μ

C

R { } { → }

R

R

C

R R

{ } { → }

R C

C C

C

C

C C

R

R

R R R R

C

4.3 Checking -termination

Example 4.24

Theorem 4.25 ( -termination of a TRS) unc ompleteness

L et us c onsider the TRS , and a

r eplac ement map given by . F or this r eplac ement map, is a TRS

with c onservative r eplacing variables. Then, it is e asy to demonstr ate that

is a -terminating TRS (it suffic es to c onsider the -criterion and apply a

r e cursive p ath or dering, for example, to ), but the -c ontr acte d TRS

is not terminating.

L et b e a TRS with

c onservative r eplacing variables given a -map . L et b e the

c ontr acte d TRS of . Then -terminates if or terminates.

to o much

W e use the ab ove results to establish a suitable criterion to check -termination.

First, an example reveals the of the -criterion.

= ( f g f(g( )) f( ) )

(f) = Ø

=

( f g f f )

Since we could establish the -termination of by means of the -criterion,

the example p oints out the fact that the -criterion do es not include the -

criterion. On the other hand, from Example 4.4 we conclude that the -criterion

do es not include the -criterion either.

The example 4.24 also shows that Theorem 4.21 has not a symmetric coun-

terpart, that is, we can not ensure termination of a -contracted TRS from the

-termination of the original.

Now we can formulate a mixed criterion involving b oth and criteria

to test -termination.

= ( )

= ( )

. Immediate from Theorem 4.3 and Theorem 4.21.

Note that this theorem only applies to TRSs with conserv ative replacing v ari-

ables. F ortunately

, for general TRSs, we still have the Theorem 4.3 ( -criterion)

to prove -termination.

Context-sensitive rewriting allows us to deal with context-replacing restrictions

in p erforming reduction steps, thus avoiding some undesirable reductions. T er-

mination is always preserve d or improved, as we have shown in this pap er.

The restrictions imp osed by context-sensitive rewriting are easily imple-

mentable. However, in order to get complete b enefits from context-sensitive

rewriting, more research is needed. In particular, it is interesting to study con-

ditions to ensure that, by defining a concrete replacement map for a given TRS,

computations are restricted but not , i.e., they will b e able to reduce

sufficiently a term by context-sensitive rewriting. This would allow us, implicitly ,

to define the adequate replacement map which is p owerful enough to p erform

computations with context-sensitive rewriting. This task will b e addressed in a

further work.

References

The or etic al Computer

Scienc e

Journal on Symb olic Computation

Pr o c. of

F unctional Pr o gr amming, Concurr ency, Simulation and Automate d R e asoning

The or etic al Computer Scienc e

Handb o ok of The or etic al Computer Scienc e

Automata, L anguages and Pr o gr amming

Gr aph R e duction. Pr o c e e d-

ings. of a Workshop

Pr o c. of the 6th International Confer enc e on R ewriting T e ch-

niques and Applic ations, R T A’95

Computational lo gic: essays in honour of J.

Alan R obinson

Pr o c. of 1995 Joint Confer enc e on De clar a-

tive Pr o gr amming, GULP-PRODE’95

Pr o c. of XXII Seminar on Curr ent

T r ends in The ory and Pr actic e of Informatics, SOFSEM’95

Pr o c. of the

Thir d Hawaii International Confer enc e on System Scienc e

1. N. Dershowitz. Orderings for term rewriting systems.

17:279-301, 1982.

2. N. Dershowitz. T ermination of rewriting. ,

3:69-115, 1987.

3. N. Dershowitz. A T aste of Rewrite Systems. In P

.E. Lauer, editor,

,

LNCS 693:199-228, Springer-V erlag, Berlin, 1993.

4. N. Dershowitz and C. Ho ot. Natural T ermination.

142(2):179-207, 1995.

5. N. Dershowitz and J.P

. Jouannaud. Rewrite Systems. In J. v an Leeuwen, editor,

, volume B: F ormal Mo dels and Se-

mantics, pages 243-320. Elsevier, Amsterdam and The MIT Press, Cambridge,

MA, 1990.

6. D.P . F riedman and D.S. Wise. CONS should not ev aluate its arguments. In

S. Michaelson and R. Milner, editors, ,

pages 257-284, Edinburg h University Press, 1976.

7. J. Goguen, C. Kirchner and J. Meseguer. Concurrent T erm Rewriting as a Mo del

of Computation. In J.H. F asel, R.M. Keller, editors,

. LNCS 279:53-93. Springer-V erl ag, Berlin, 1987.

8. S. Kamin and J.J. Ĺ evy . Two generaliza tion s of the recursive path ordering.

University of Illinoi s, 1980.

9. J.F.Th. Kamp erman and H.R. W alters. Lazy Rewriting and Eager Machinery

. In

J. Hsiang, editor,

, LNCS 914:147-162, Springer-V erlag , Berlin,

1995.

10. G. Huet and J.J. Ĺ evy . Computations in orthogonal term rewriting systems. In

J.L. Lassez and G. Plotkin, editors,

. MIT Press, Cambridge, MA, 1991.

11. R. Lalement. Computation as Logic. Masson-Prenti ce Hall International, 1993.

12. S. Lucas. Computational prop erties in context-sensiti ve rewriting. In M.

Alpuente and M.I. Sessa, editors,

, pages 435-446, 1995.

13. S. Lucas. F undamental s of context-sensitive rewriting. In M. Bartˇ osek, J.

Staudek and J. Wiedermann, editors,

, LNCS 1012:405-

412, Springer-V erla g, Berlin, 1995.

14. Z. Manna and S Ness. On the termination of Markov algorithms. In

, pages 789-792, 1970.

15. S. L. Peyton-Jones. The Implementation of F unctional Programming Languages.

Prentice-Hall International , London, 1987.

16. C. Reade. Elements of F unctional Programming. Addison-W esle y Publishi ng

Company

, 1987.

This article was pro cessed using the L T

E

X macro pack age with LLNCS style