∗

E

∗

E

E

M E

R

R

Abstract

1 In tro duction

initial algebr a

M. Alpuente M. F alaschi M. J. Ramis G. Vidal

A Comp ositional Seman tics for

Conditional T erm Rewriting Systems

1 2 1 1

1

2

This work has b een partially supp orted by CICYT under grant TIC 92-0793-C02-02.

Departamento de Sistemas Inform´ aticos y Computaci´ on

Universidad Polit́ ecni ca de V alencia

Camino de V era, s/n, 46020 V alencia, Spain

Dipartimento di Elettronica e Informatica

Universit` a di Padov a

Via Gradenigo 6/A, 35131 Padov a, Italy .

This pap er considers comp osition s of condition al term rewriting systems as a basis

for a mo dular approach to the design and analysis of equationa l logic programs. In

this context, an equational logic program is viewed as consistin g of a set of mo dules,

each mo dule defining a part of the program’s functions. W e define a comp ositi onal

semantics for condition al term rewriting systems which we show to b e rich enough

to capture computational prop erties related to the use of logical v ariables. W e also

study how such a semantics may b e safely approximated, and how the results of such

approximati ons may b e comp osed to yield a b ottom-up abstract semantics adequate

for mo dular data-flow analysis. A comp ositiona l analysi s for equational unsatisfiab il i ty

illustra tes our approach.

Conditional T erm Rewriting Systems (CTRSs for short) are a natural computational para-

digm for the integration of logic and equational programming [13,14,16,26]. In this context,

programs are sets of conditional equations where the equation in the conclusion is implicitly

oriented from left to right, and (some v ariant of ) narrowing is used to solve equational goals,

thus supp orting logical v ariables and unification. F or the completeness of implementations

based on narrowing mechanisms, some form of confluence is needed [24]. The standard

semantics of a program , i.e. the quotient of the Herbrand Universe (or word

algebra) by the congruence relation generated by , is known to b e isomorphic to the least

Herbrand -mo del of the program, ( ), i.e. the set of all (ground) equations which hold

in the underlying theory [16]. This semantics admits an equiv alent fixp oint characterization

and, for programs that can b e oriented as a confluent term rewriting system , it can b e

further characterized as the set of all pairs of (ground) terms which can b e reduced to a

common -normal form [10,16,18].

E m n n

n m

ca

Example 1

Example 2

1 2 1 2 1

2

1 2

1 2

2

1

1 2

1 2

1 2

1 2 1 2

E E E ∪ E E

E

E { ⇐ } E { ⇐

⇐ }

M E M E {

}

⇐

{ } {} E

{ } E

E { ⇐ } E { ⇐}

M E { } M E { }

M E ∪ E { }

M E ∪ E M E M E

E

E

f f ,

f x E

, f , , f , , f , f f , ,

f f

f x

x/

x/

E

E

E

a b b c b c

a a, b b, c c b b, c c, b c, c b

a b, b a, a c, c a, a a, b b, c c, b c, c b

E

T enrichment

Consider the pr o gr ams and

. Both pr o gr ams have the same le ast Herbr and -mo del, namely

. However, the two pr o gr ams have a differ ent b ehaviour in terms of c ompute d

answer substitutions. Consider, e.g., the go al , which c omputes the answer

substitutions and the empty substitution when exe cute d in , while it only c omputes

the substitution when exe cute d in .

Consider the pr o gr ams and .

Sinc e , , and

, henc e

c annot b e derive d fr om the c omp osition of and .

It is widely acknowledged that one of the fundamental techniques in software engineering

to deal with the complexity of large programs is to structure programs as mo dules which

can then b e comp osed together [14]. A mo dular structure of programs helps in designing

and maintaining software. Moreover, pro ofs of correctness and data-flow analyses can b e

easier and more efficient when p erformed on small units of the programs. If we regard a

program (mo dule) as a set of clauses, then a natural notion of comp osition is given by their

set union. A typical mo dular program is a program constructe d according to the idea of

mo dule imp orting called , as formalized in algebraic sp ecification theory [15] and

later used in the algebraic foundation of mo dularized logic programming with equality [14].

Although it seems natural to think of programs as clause sets and of program comp osition as

set union, it is less clear which semantics would b e adequate for the program comp onents.

W e lo ok for a semantics which is comp ositional with resp ect to program union, i.e. for

programs and the meaning of can b e derived by comp osing the meanings of

and . W e call this prop erty of the semantics OR-comp ositionality

. OR-comp ositionality

allows for incremental definition of structure d programs and of their semantics, and provides

a semantic basis for a mo dular approach to program analysis. Such an approach is significant

for large program development since the alteration of a mo dule do es not require to recompute

the semantics or to re-analyse the whole program. Thus, we also seek for a semantics which

is able to mo del the prop erties of programs which are relev ant for dataflow analyses, such as

computed answer substitutions, call patterns, partial computed answer substitutions, etc.

W e note that the least (ground) Herbrand -mo del of a program is not rich enough to

characterize prop erties like the set of computed answer substitutions for a query

, as it is

illustrated in the following example.

= (0) = 0 = (0) = 0

( ) = 0

( ) = ( ) = 0 = 0 0 = (0) . . . 0 = (0) . . . (0) = 0 (0) = (0) . . .

(0) = (0)

( ) = 0

0

0

W e also note that the least Herbrand -mo del is not adequate for comp ositionality

. In-

deed, the least Herbrand -mo del of a program cannot b e determined by the least Herbrand

-mo dels of the clauses which comp ose the program, as illustrated by the following example.

= = = = =

( ) = = = = ( ) = = = = =

( ) = = = = = = = = = =

( ) ( ) ( )

In this pap er, we consider the problem of defining a semantics for CTRSs which correctly

mo dels the op erational b ehaviour of equational logic programs in a comp ositional way

. Our

approach shares with the approach in [22,25] the idea of moving from a data-level semantics

to a function-level semantics in order to capture comp ositionality . W e extend the least

Herbrand -mo del semantics for CTRSs by considering interpretations which may contain

non-ground equations. This allows us to mo del the set of computed answers for a given query .

W e intro duce a semantics which is based on a (non-ground) immediate consequence op erator

which mo dels the b ottom-up one-step deduction (w.r.t. the equational theory ) of non-

ground equations from non-ground equations, and which we prove to b e comp ositional w.r.t.

Σ

E

E E ca

P

ca ca

E

O E

∪

∪

H H B

T

P T

T T

V

τ V τ

V τ

2 Prelim inaries

1.1 Related w ork

1.2 Plan of the pap er c ompute d answer substitutions (c a)

b asic program union. In other words, we prove that contains the information necessary to

describ e the b ehaviour of a program comp ositionally w.r.t. union in terms of computed

answers.

[3] shows that computations and analysis of equational logic programs can b e p erformed

incrementally

, by using the notion of AND-comp ositionality

, that is, comp ositionality w.r.t.

the conjunction of equations in a goal or in the condition of a clause. W e do not consider

AND-comp ositionality in this pap er, and the results here are orthogonal to those in [3].

Starting with Dershowitz [9], several authors have studied mo dular asp ects of term

rewriting systems regarding the question of whether or not certain prop erties (such as con-

fluence or termination) are preserved under comp osition of mo dules (e.g. [23,26]). All these

works fo cus mainly on syntactic conditions to guarantee that the prop erties of confluence

and termination are ensured in the comp osition, but they do not seek for a comp ositional

semantics, which is the main concern of our work.

In the context of (pure) logic programming, [22,25] showed that, if the meaning of a logic

program is denoted by the standard immediate consequence op erator itself (rather

than by its least fixp oint), then such a semantics is comp ositional for several interesting

op erators on programs including set union. However, this semantics do es not characterize

the computed answer observ ational equiv alence on programs. [11,12] intro duced mo dels

over Herbrand domains with v ariables and gave the first (non-comp ositional) semantics

for p ositive logic programs mo deling . Our approach is

similar in that we also intro duce v ariables in our domain of interpretation, but is different

b ecause of the technical problems related with semantic unification which are not present in

the logic programming paradigm. W e extend the principles underlying the strategy for

narrowing [16,17,24], in which inferences are forbidden at terms intro duced by substitutions

in earlier inferences, to the case of equations in a fixp oint setting and we intro duce also a

transformation from equations to “flat” equations to deal with these complications.

The rest of the pap er is organized as follows. Section 2 briefly presents some preliminary def-

initions and notations. Section 3.1 defines a non-comp ositional op erational semantics ( )

mo deling computed answers. Then, we characterize this semantics as the least fixp oint of the

new immediate consequence op erator . In Section 3.2 we prove that is comp ositional

w.r.t. program union. Section 4 intro duces a b ottom-up abstract fixp oint semantics that

approximates success patterns (i.e. the set of the computed answer substitutions) and shows

how it can b e used for comp ositional analysis of mo dular programs. Section 5 concludes.

Let us first summarize some known results ab out equations, conditional rewrite systems

and equational unification. F or full definitions refer to [10,19]. Throughout this pap er,

will denote a countably infinite set of v ariables and Σ denotes a set of function symb ols,

or signature, each with a fixed asso ciated arity

. (Σ ) and (Σ) denote the non-ground

word (or term) algebra and the word algebra built on Σ and Σ, resp ectively

. (Σ) is

usually called the Herbrand universe ( ) over Σ and it will b e denoted by . denotes

~

^

^ ^

|

′

′

′ ′ ′ ′

′ ′ ′ ′

|

E

E

1

1 +1

+1 +1

1 1 1

1 1

1 1

1 1

1 1

1

1

1

1

1 2 1 2

` n i

n n

n n n i

u

u

m n n i

i i j

n n

n n

n n

n n

n

n n

n

s

H ∈ ∪

E

⇐ ≥

⇐ ∈

E E

E

≡

≤

≤

∃ ∃ { }

∪

{ }

{ } ⇒

{ } { }

{ }

⇑ ∪

≈

E

E E

∪

E | E

E

E E H E pr o gr am

e quational go al

trivial go al

trivial e quation flat

flat

fr esh

solve d

unifier

most gener al unifier s t s, t τ V

e e , , e n e, e i , , n

Goal

x y x, y V x y

f x , , x x

x x x x i , , n

S

f l at S C < < C

C

O t

t t

u t t r t u r

V ar s

s s s

E q n

f ail

tr ue E q n S S

S S E q n

E q n

tr ue f ail f ail

y y . x t , , x t x

t y t

S sol v e S

τ V S ub

ϵ θ x /t , , x /t

S θ x t , , x t S

S unif S mg u S

S mg u s t , , s t , s t , , s t

s s , t t , , s s , t t

mg u , ϵ

mg u θ θ mg u θ θ

θ θ

s

E

eq ual ity τ V

/ the Herbrand base, namely the set of all ground equations which can b e built with the

elements of . A Σ-equation = is a pair of terms (Σ ). A is a

Horn equational Σ-theory , which consists of a finite set of equational Horn clauses of the

form . . . , 0, where , = 1 . . . , are Σ-equations. Σ-equations and

Σ-theories will often b e called equations and theories, resp ec tively

. An is

an equational Horn clause with no head. W e let denote the set of equational goals.

A goal of the form = , is called a and the equation = is

called a . A equation is an equation of the form ( . . . ) =

or = , where and are distinct v ariables, = 1 . . . . A equation set is

a set of flat equations. Any set of equations can b e transformed into an equiv alent one,

( ), which is flat [6,20]. F or a given program , denotes that is a new v ariant

of a clause in such that contains no v ariable previously met (standardised apart).

T erms are viewed as lab elled trees in the usual way

. Occurrenc es are represente d by

sequences , p ossibly empty

, of natural numb ers denoting an access path in a term.

¯

( )

denotes the set of nonv ariable o ccurrence s of a term . is the subterm at the o ccurrence

of . [ ] is the term with the subterm at the o ccurrenc e replaced with . These

notions extend to equations in a natural way

. By ( ) we denote the set of v ariables

o ccurring in the syntactic ob ject , while [ ] denotes the set of ground instances of . A

v ariable is a v ariable that app ears nowhere else. The symb ol denotes a finite sequence

of symb ols. Identity of syntactic ob jects is denoted by .

W e describ e the lattice of syntactic equation sets following [7]. W e let denote the

set of p ossibly existentially quantified finite sets of equations over terms. W e let denote

the unsatisfiable equation set, which (logically) implies all other equation sets. Likewise,

the empty equation set, denoted , is implied by all elements of . W e write

if logically implies . Elements of are regarded as (quantified) conjunctions of

equations and treated mo dulo logical equiv alence. Thus is a lattice ordered by with

b ottom element and top element . An equation set is if it is either

or it has the form . . . = . . . = , where each is a distinct v ariable

not o ccurring in any of the terms and each o ccurs in some . Any set of equations

can b e transformed into an equiv alent one, ( ) , which is solved. W e restrict our

interest to the set of idemp otent substitutions over (Σ ), which is denoted by .

There is a natural isomorphism b etween substitutions and unquantified equation sets. The

empty substitution is denoted by . A substitution = . . . is a of

an equation set iff = = . . . = . W e denote the set of unifiers of

by ( ) and ( ) denotes the of the unquantified equation

set . W e write ( = . . . = = . . . = ) to denote the most

general unifier of the set of equations = = . . . = = . Observe that

(Ø Ø) = . The notions of application, comp osition and relative generality are defined

in the usual way [4]. The notion of extends to substitutions by = ( ).

W e write to denote the restriction of the substitution to the set of v ariables in the

syntactic ob ject . The application of substitutions induces a preorder on terms. By we

denote the asso ciated equiv alence relation (v ariance). W e denote by the set of equality

axioms for a given program .

Each equational Horn theory generates a smallest congruence relation = called -

on the set of terms (Σ ) (the least equational theory which contains all logic

consequence s of under the entailment relation = ob eying the axioms of equality for ).

is a presentation or axiomatization of = . In abuse of notation, we sometimes sp eak of

the equational theory to denote the theory axiomatized by . W e will denote by the u

u

⊏ ⊏

⊏

~

~

~

~

~ ~

E E

R

E

E

E

|

E

unification rule:

initial algebr a

narr owing

H E

E H E E

E E |

E

E

∈

⇐ ∈

⊆ E E

E E

E E E

E E

E E

H E

M E

R R

→ ⇐ ∈ ∪ ∉

∪ ⊆ R R

E

R

E

→ R

M E

R

↑

{ ∈ B } ∪ { ∈ B | ⇐ ∈ E { } ∪ ⊆

∈ }

E

E

× ⊆ × × ×

⟨⇐ ⟩ ⟨⇐ ⟩ τ / τ /

/ unif iabil ity

S S σ S σ

σ S

I

s t I s t I

λ ρ e λ ρ I

e I E

E

E E E

/

,

λ ρ e λ ρ τ V λ V

V ar ρ V ar e V ar λ ,

s t s t

T ω

T

T I t t e λ ρ e , e ρ e I ,

u O cc e , e λ .

T I

I

Goal S ub, Goal S ub Goal S ub

σ mg u Gθ

G, θ tr ue, θ σ finest partition (Σ) = induced by = over the set of ground terms (Σ). is usually

called the of [10]. Satisfiability in is called - , that is,

given a set of equations , is -unifiable iff there exists a substitution such that =

[10]. The substitution is called an -unifier of .

A Herbrand interpretation for a program is a set of ground equations, with the

understanding that = is true w.r.t. iff = . A Herbrand interpretation satisfies a

program clause iff, for each ground instance = of the clause, we have that =

whenever . A Herbrand -interpretation for is a Herbrand interpretation for

ob eying the equality axioms for . A Herbrand mo del for is a Herbrand interpretation

for which satisfies each program clause in . A Herbrand -mo del for is a Herbrand

mo del for which satisfies the equality axioms for . The intersection of all Herbrand

-mo dels for is also a Herbrand -mo del for (the least Herbrand -mo del), and it was

prop osed as the declarative semantics for p ositive programs [16]. This semantics is known

to b e isomorphic to the initial algebra of the program, and in the following will b e

denoted by ( ).

A Conditional T erm Rewriting System is a pair (Σ ) where is a finite set of reduc-

tion (or rewrite) rule schemes of the form ( ), , (Σ ), and

( ) ( ) ( ). W e will often write just instead of (Σ ). A Horn equa-

tional theory which satisfies the ab ove assumptions can b e viewed as a conditional term

rewriting system where the rules are the heads (implicitly oriented from left to right) and

the conditions are the resp ective b o dies. W e assume that these assumptions hold for all the

theories considered in this pap er. The equational theory is said to b e canonical if the

binary one-step rewriting relation defined by is no etherian and confluent [19]. F or

canonical programs, ( ) is equiv alent to the op erational semantics given by the ground

success set, i.e. the set of all ground equations = such that and have a common -

normal form, and to the fixp oint semantics given by the least fixp oint of the following

transformation (immediate consequence op erator), continuous on the complete lattice of

Herbrand interpretations ordered by set inclusion [16].

( ) = = ( = ) [ ] [ ]

( ) =

Informally

, ( ) contains the set of all ground instances of the reflexivity axiom and the

set of all ground equations that can b e ‘constructed’ from elements of the Herbrand inter-

pretation by replacing one o ccurrence of the right-hand side of the head of a rule in by

the corresp onding left-hand side.

The mechanism is a p owerful to ol for constructing complete -unification algo-

rithms for useful classes of equational theories. In this context, completeness means that, for

every solution to a given set of equations, a more general solution can b e found by narrowing.

Since unrestricted narrowing has quite a large search space, several strategies to improv e the

efficiency of narrowing have b een devised. Basic conditional narrowing is a complete metho d

for solving equations in the equational theory defined by a level-canonical CTRS [24]. All

programs considered in this pap er are assumed to b e level-canonical, as well as their combi-

nations. Level-canonicity implies canonicity . W e formalize basic conditional narrowing as a

transition system ( ) whose transition relation ( ) ( )

is defined as the smallest relation satisfying:

= ( )

0 1 1

|

∗

≈

∗

~

~

~ ~ ~

⊏

⊏ ⊏ ⊏

⊏

⊏ u

u

n n

V

V

V

V V

V narrowing rule:

3 Comp ositional Seman tics

3.1 A Seman tics Mo deling Computed Answ ers

3.1.1 Op erational Semantics

Definition 3.1

∈ ∧ ∈ ∧ ⇐ E ∧ { }

⟨⇐ ⟩ ⟨⇐ ∼ { } ∪ { } ∪ ⟩

∼

⟨⇐ ⟩ ⟨⇐ ⟩ ⟨⇐ ⟩ ⇐

⟨⇐ ⟩ ⟨⇐ ⟩ ⇐

E ⇐ E

E

E

H

∪

H ∪

B

∈ H B B

B

O E E

E

O E { | ⟨⇐ ⟩ ⟨⇐ ⟩ } e G u O e λ ρ e < < σ mg u e θ λ

G, θ G e e ρ e, θ σ

G , ϵ G , θ G , θ G

G, ϵ tr ue, θ θ G

G

G

V

τ V /

τ V

V

s t s, t

f x y θ f x y f x y , ϵ tr ue, θ b asic c onditional narr owing derivation

c ompute d answer substitution

c ompute d answer substitution

c ompute d answer substitutions

-Herbr and

universe

-Herbr and b ase

L et b e a pr o gr am. Then,

is a flat e quation, .

¯

( ) ( = ) = ( ( ) = )

( ) [ ]

where the symb ol stands for set difference. A is a

sequence . . . . A successful deriv ation for is a

deriv ation and is called a (for

in ). Each in a successful deriv ation for is an -unifier

of . By abuse of notation, it is often called solution.

In the next section we consider a (non-comp ositional) op erational semantics for CTRSs

mo deling computed answer substitutions. When defining a semantics for a programming

language it is essential to sp ecify which prop erties of computations one is interested to ‘ob-

serve’. In the case of equational logic programs, one may b e interested to ‘observe’ the v alues

computed by successful deriv ations (e.g. computed answer substitutions), by partial deriv a-

tions or by finitely failed deriv ations. F or each p ossible choice of an observ able, a semantics

which correctly mo dels the observ able would yield a different notion of program equiv alence.

So, for instance, two programs like those in Example 1 cannot b e distinguished from the

p oint of view of the ground success set, but have different computed answer substitutions.

Throughout this pap er we consider as observ able the set of .

In Section 3.2 we intro duce a semantics which is comp ositional w.r.t. program union and

for computed answer substitutions.

The op erational semantics of a program is a mapping from the set of programs to a set of

program denotations which, given a program , returns a set of ‘results’ of the computations

in . F or equational logic programs the op erational semantics should b e defined in terms of

the set of all ‘v alues’ a functional expression can compute. In order to formulate a semantics

mo deling computed answers, the usual Herbrand base has to b e extended to the set of

all (p ossibly) non-ground equations mo dulo v ariance [11,12]. denotes the

which allows v ariables in its elements, and is defined as (Σ ) . F or the sake

of simplicity

, the elements of have the same represe ntation as the elements of (Σ )

and are also called terms. denotes the , namely

, the set of all equations

= , where . Note that the standard Herbrand base is equal to [ ]. The

p ower set of is a complete lattice under set inclusion.

The op erational semantics ( ) of an equational logic program with computed answers

as observ able can b e defined as follows.

( ) = ( ( ) = ) ( ) = ( ( ) = )

′ ′ ′

′ ′

|

′

|

E

E n

m

G G

n n

n n

ca

ca

1 2

1 2

1 2 2

1

1 2

1 1 2

1

1 ` 2 `

E E

O E { } O E {

}

⇐ O E

∪

→ ×

E ⇐ ≡ ⇐

⇐ E ≡ O E

⇑

O E

E { ⇐ ⇐

⇐} O E {

}

⇐ ≡ ⇐ {{ } { } { }

{ } { } { }} E

O E

O E

O E

⇐ E

O E

O E T

T

T

Example 3

Definition 3.2

Theorem 3.3 (strong soundness and strong completeness)

Example 4

3.1.2 Fixp oint Semantics

, f x f x , f , f x f x , f

, f x

G

E E E E

E spl it E q n E q n E q n

spl it E E , E

G e , , e spl it f l at G G , G

θ G G e , , e < <

θ mg u G , G θ θ mg u G

g , f , f g x

f x , g x g x , f x f x , g

, f , f g x f x , , f g x f x , f g , , f g

G y f z y /f z , y / , z / , y /f x , z /g x ,

y / , z /g , , y /f x , z /g x , y / , z /g

f z y

G

G f l at G

T

T

Consider the pr o gr ams and fr om Example 1. A c c or ding to Definition 3.1,

, wher e as

.

L et b e a set of e quations wher e al l e quations in ar e trivial

e quations and no e quation in is trivial. We define the function

by .

L et b e a pr o gr am and b e a go al. L et . Then

is a c ompute d answer substitution for in iff ther e exist

such that and .

L et us c onsider the pr o gr am

. A c c or ding to Definition 3.1,

. The

go al c omputes the answers

in , which exactly c oincides with the

set of substitutions c ompute d by unifying the flat e quation with the ‘facts’ in .

b asic

( ) = 0 = 0 ( ) = ( ) (0) = 0 ( ) = 0 = 0 ( ) = ( ) (0) =

0 ( ) = 0

The following theorem asserts that the computed answer substitutions of any (p ossibly

conjunctive) goal can b e derived from ( ) (i.e. from the observ able b ehaviour of single

equations), by unification of the equations in the goal with the equations in the denotation.

W e note that this prop erty is a kind of AND-comp ositionality which do es not hold for

ordinary (unrestricte d) narrowing [3]. W e assume that the equations in the denotation are

renamed apart. Equations in the goal have to b e flattened first, i.e. subterms have to b e

unnested so that the term structure is directly accessible to unification.

=

:

( ) = ( )

. . . ( ( )) = ( )

. . . ( )

= ( ) = ( ( ))

Theorem 3.3 shows that ( ) is the fully abstract semantics w.r.t. computed answer

substitutions.

= (0) = 0 (0) = 0 ( ( )) =

( ) ( ) = 0 = 0 ( ) = ( ) ( ) = ( ) (0) =

0 (0) = 0 ( ( )) = ( ) . . . ( ( )) = ( ) ( (0)) = 0 . . . ( (0)) = 0

= ( ) ( ) 0 0 ( ) ( )

0 (0) . . . ( ) ( ) 0 (0)

( ) = ( )

According to Theorem 3.3, ( ) can b e used to simulate the execution for any goal ,

that is, ( ) can b e viewed as a (p ossibly infinite) set of ‘unit’ clauses, and the computed

answer substitutions for in can b e determined by ‘executing’ ( ) in the program

( ) by standard unification, as if the equality symb ol were an ordinary predicate. In the

following subsection we asso ciate a continuous op erator with an equational logic program,

describ e the corresp onding fixp oint semantics, and show the relation with the op erational

semantics.

W e now intro duce a new imm ediate consequence op erator on a novel kind of ‘interpre-

tations’ whose least fixp oint is shown to b e equiv alent to the computed answer substitutions

semantics ( ). The main idea b ehind -interpretations is to keep apart equations and sub-

stitutions in order to avoid applying the op erator on subterms which were intro duced

by instantiation, in a similar way as in the narrowing strategy

, where the substitution

part of prior narrowings is not subsequently narrowed. The definition of -interpretations

is intro duced mainly for technical reasons and the elements of a -interpretation will b e

often called ‘equations’.

V

V

V

~

~

~ ~

1 2 1 2

1 2

1

1

1 2

1 2

1 2 1 2

B ×

B

B ×

E

E E

′

′

|

E

E E

∓

∓

V

S ub

S ub

n

n

ca

V

u

u

ca

ca ca

⋆ ⋆

3.2 A Comp ositional Seman tics

Definition 3.4

Theorem 3.5

Definition 3.6

Prop osition 3.7

Definition 3.8

Theorem 3.9

Theorem 3.10 e, θ e θ S ub

V I eθ e, θ

V I e, ϵ e I

f x , , x

f x , , x f n

T s S ub λ ρ e < < ,

l r, ϑ s ,

mg u f l at e , s σ,

mg u λ r ϑ σ θ ,

u O r ,

s l r ρ , ϑσ θ .

T

T l f p T T ω

T

E

r

r f

E

⋆

⋆

f ⋆ f ,

T ⟨ ⟩ ∈ B ∈

T I ∈ I { | ⟨ ⟩ ∈ I }

∈ T I {⟨ ⟩ | ∈ }

I I T ⊆ I ⊆ I

I ⊆ I T ⊆

E

E ≥

E

E I T

I ∪ { ∈ B × | ⇐ E

{⟨ ⟩} ∪ ⊆ I

{ }

∈

⟨ ⟩ }

T

E ↑

E F E E

E F E O E

F E

M E

E

M E O E

O E

M E

S

S C C

S C S C

S C C S C S C

A -interpr etation is a set of tuples , wher e and . F or

any -interpr etation we let denote the -interpr etation .

F or any -interpr etation , we let I

.

denote the -interpr etation .

L et and b e -interpr etations. L et b e define d as fol lows: iff

. The set of -interpr etations is a c omplete lattic e w.r.t. .

functional r eflexivity axioms

L et b e a pr o gr am and b e a -interpr etation. Then,

.

The op er ator is c ontinuous on the c omplete lattic e of -interpr etations.

L et . The le ast fixp oint semantics of a pr o gr am

is define d as .

L et b e a pr o gr am. Then .

L et b e a pr o gr am and b e the tr ansitive-symmetric closur e of r elation

under r eplac ement (the pr op erty). Then, .

2

˙

=

2 =

˙ ˙

˙ ˙

2

˙

F or any program , we denote by Φ the set of identical equations ( . . . ) =

( . . . ), for each function symb ol o ccurring in , of any rank 0. As we will see,

these play an imp ortant role in defining the fixp oint semantics

of .

( ) = Φ ( = )

=

( ( )

˙

) =

( = ( ) ) =

¯

( )

= = [ ]

The following prop osition allows us to define a fixp oint semantics for equational logic

programs.

( ) = ( ) =

( ) =

˙

( )

The equiv alence b etween the op erational and the least fixp oint semantics is established

by the following theorem.

( ) = ( )

The following theorem relates the non-ground semantics ( ) to the standard least

Herbrand -mo del semantics ( ).

-substitutivity ( ) = [ ( )]

According to Theorem 3.10, the new semantics ( ) can b e thought of as a non-ground

representation of the standard least Herbrand -mo del semantics ( ) just containing

the necess ary information which allows one to determine the computed answers, as it was

established by Theorem 3.3.

A semantics is comp ositional, or homomorphic, w.r.t. a program comp osition op erator

if the meaning (semantics) ( ) of a comp ound construct can b e determined by com-

p osing the meanings of the constituents ( ) and ( ), i.e. for a suitable homomorphism

, ( ) = ( ( ) ( )). The semantics that we have considered so far is not

comp ositional w.r.t. union of programs as shown by the following example.

V

V

ca

1 2

1 2 1 2

1 2

1 2

1 2

1 2

E

E

B ×

E

E E

B ×

E ∪E E E

E

E

E

4.1 Abstract Dom ains and Op erators ca

ca

S ub ca

ca ca

S ub ca ca ca

ca

♯

ca ♯

♯

E

4 Comp ositional Abstract Seman tics

E { ⇐ } E {

⇐} O E { } O E {

} O E ∪ E { }

E

E S E

E

T I I E ∀I ∈

S E I I S E

E E ∀I ∈

I I ∪ I

S E

F E

≤

≤

→

∝ ∈ f x f f

, f x f x

, f x f x , f , f x f x , f , f x

T

T

. T

, T T

. T T T .

T

T

T

O O

D ,

E , E E q n E S ub

γ D

d e d e e γ d

Example 5

Definition 3.11 (comp ositional semantics)

Theorem 3.12 (comp ositionalit y)

L et us c onsider the pr o gr ams and

. A c c or ding to Definition 3.1, , and

. Sinc e ,

the semantics of the union of the pr o gr ams c annot b e obtaine d fr om the semantics of the

pr o gr ams.

The c omp ositional semantics for a pr o gr am is define d as .

L et b e pr o gr ams. L et and b e their asso ciate d denotations. Then,

description abstr act domain c oncr ete

domain e quation

description substitution description

appr oximates

= ( ) = 0 (0) = 0 = (0) =

0 ( ) = 0 = 0 ( ) = ( ) ( ) = 0 =

0 ( ) = ( ) (0) = 0 ( ) = 0 = 0 ( ) = ( ) (0) = 0 ( ) = 0

Example 5 shows that the denotation of programs in terms of sets of (p ossibly) non-

ground equations is not adequate to mo del OR-comp ositionality

. According to the idea in

[22,25], we suggest to denote each program by the corresp onding immediate op erator .

Note that the semantics of is no longer viewed just as a set of equations, but as a function

which takes a set of ‘equations’ and deduces new ‘equations’ from it.

( ) =

The meaning of a program is therefore denoted by the mapping which, given a

-interpretation , yields the set of imm ediate consequences of in , that is

2 ( )( ) = ( ). The following result shows that ( ) mo dels computed answer

substitutions in a comp ositional way .

2 ( ) = ( ) ( )

The semantics ( ) can b e considered as a semantic basis for mo dular analysis of equa-

tional logic programs since, by using suitable abstractions of , we can analyze program

constituents w.r.t. several interesting program prop erties and then comp ose the results to

obtain the analysis of the whole program [5], as we formalize in the following section.

The theory of abstract interpretation [8] provides a formal framework to develop adv anced

data-flow analysis to ols. In this section, starting from the fixp oint semantics in Section 3,

we develop an abstract semantics which approximates the observ ables and is adequate for

mo dular data-flow analysis, such as the analysis of unsatisfiability of equation sets. W e

assume the framework of abstract interpretation for analysis of equational unsatisfiability as

defined in [1,2]. W e first recall the abstract domains and the asso ciated abstract op erators.

Then we describ e a novel abstract imm ediate consequence op erator able to approximate

the op erator , and the abstract fixp oint semantics ( ). In the following we denote the

abstract analog of a concrete ob ject by .

A is the asso ciation of an ( ) (a p oset) with a

( ) (a p oset). When = or = , the description is called an

or a , resp ect ively

. The corresp onde nce b etween the

abstract and concrete domain is established through a ‘concretization’ function : 2 .

W e say that , written , iff ( ). The approximation relation can

b e lifted to relations and cross pro ducts as usual [1].

V

^

^

1

1 1

1

1

1

1 1

1

1 1

′ ′ ′ ′ ′ ′

′ ′ ′ ′

′

′ ′ ′ ′ ′ ′

′ ′ ′ ′

′

′

H ′ ′

′ ′

′ ′

′

V

♯

V

♯

V

n

n

♯

V n n

n

n

n n

i n

i

♯

V

♯

V

♯

V

V

♯

V

V

♯

♯

♯ E q n

♯

♯ ♯

S ub

♯

n n

♯ ♯

Definition 4.1 (abstract Herbrand universe)

Definition 4.2

Definition 4.3

H ∪ ≤

≤

⊥ ⊥ ∉ H ∪

∪ {⊥} ⪯ ⊥

⪯

∀ ∈ H ⊥ ⪯ ⪯

∀ ∈ H ∀ ∈ ⪯ ∧ ∧ ⪯ ⇒ ⪯

⪯ ⪯ ⪯

⪯ ∀ ∈ ∃ ∈ ⪯ ⪯ ⇒ ≡

⊑ ⪯ ⪯ ⊆

⊥

⊥

⊥

⊥

{ }

∈ ∪ ∪ {⊥}

∈ ⪯ ⇒

H ∪ ≤ H ∪ ∪ {⊥} ⪯

⟨H H ⟩ H → { ∈ H | ⪯ }

∪

∪ ∪ {⊥} ⟨ ⊑ ≤ ⟩

→ { ∈ | ⊑ }

∪

∪ ∪ {⊥} ⟨ ⪯ ≤ ⟩ →

{ ∈ | ⪯ }

∈ ∃ { ⊥ ⊥}

∀ ∈ ⪯ τ V ,

τ

V ,

t . t t t

s , , s , s , , s , f /n s s s s f s , , s

f s , , s

s t s t s s t t

S, S

S S e S . e S e e S tr ue S tr ue

S S S S S S S S

S S

S S

x /t , , x /t

i , , n x V t , , t

t τ V

θ , κ S ub κ θ θ κ

τ V , τ V ,

, γ , γ γ t t t t

E q n τ V E q n

τ V E q n , , γ , E q n,

γ E q n γ g g E q n g g g

S ub τ V S ub

τ V S ub , , γ , S ub, γ S ub

γ κ θ S ub κ θ

S E q n y y .S sol v e S κ y / , , y /

mg u S S κ θ unif S . mg u S θ

By , we denote the standar d domain of (e quivalenc e classes of ) terms

or der e d by the standar d p artial or der induc e d by the pr e or der on terms given by the r elation

of b eing “mor e gener al”. L et b e an irr e ducible symb ol, wher e . L et

b e the domain of terms over the signatur e augmente d by , wher e the p artial

or der is define d as fol lows:

(a) and and

(b) .

This or der c an b e extende d to e quations: iff and and to sets of

e quations :

1) iff such that . Note that .

2) iff and implies .

An abstr act substitution is a set of the form wher e, for

e ach , is a distinct variable in not o c curring in any of the terms

and . The or dering on abstr act substitutions is given by lo gic al implic ation:

let , iff .

L et and . The term des-

cription is wher e is define d by: .

L et b e the set of finite sets of e quations over and b e the set of finite

sets of e quations over . The e quation description is ,

wher e is define d by: and is unquantifie d .

L et b e the set of substitutions over and b e the set of substitutions over

. The substitution description is , wher e

is define d by: .

abstr act unific ation

Abstract equations and abstract substitutions corresp ond to abstract program deno-

tations and abstract observ able prop erties, resp ec tively

. The domains for equations and

substitutions are as follows.

= ( (Σ ) )

Σ = ( (Σ

) )

. . . . . . Σ . . . ( . . . )

( . . . )

= =

( ) ( )

Roughly sp eaking, the sp ecial symb ol intro duced in the abstract domains represents

any concrete term. The b ehaviour of the symb ol from a programming viewp oint resembles

that of an “anonymous” v ariable in Prolog. F rom the viewp oint of logic, stands for an

existentially quantified v ariable [1,21]. Define [ [ ] ] = , where the n-tuple of o ccurrenc es of

in is replaced by an n-tuple of existentially quantified fresh v ariables in .

. . .

= 1 . . . . . .

(Σ )

[ [ ] ] [ [ ] ]

The descriptions for terms, substitutions and equations are as follows.

= ( (Σ ) ) = ( (Σ ) )

: 2 ( ) =

(Σ )

(Σ ) ( ) ( )

: 2 ( ) =

(Σ )

(Σ ) ( ) ( ) :

2 ( ) =

In order to p erform computations over the abstract domains, we have to define the

notion of . W e define the abstract most general unifier for an equation

set as follows. Let . . . = ([ [ ] ]) and = . . . . Then

( ) = . The fact that ([ [ ] ]) ( ) justifies our use of ‘most

general’. The safety of the abstract unification algorithm has b een proven in [1].

Our analysis is based on a form of simplified (abstract) program which always terminates

and in which the query can b e executed efficiently

. Our notion of abstract program is

parametric with resp ect to a lo op-check. Two different instances can b e found in [1,2].

⊏ ⊏

∘

∘ ∘

∘ ∘

∘ ∘

+

0 0 1 1

+

1 1

+

1 1

ca

ca

♯

V

♯

V

♯

ca

~ ~

~

~

~ ~

E

E

′ ′

E

E

| E

E

E

E E

E

E

B

B ×

E

E E

′

′

|

4.2 Bottom

-up Abstract Seman tics i i i

u i i i i

♯

k k

n n

♯

♯

♯

V

♯

V

S ub

♯

♯

♯ ♯

V

♯

♯

♯

♯

u

u

G E

G

G

⟨⇐ ⟩ ⟨⇐ ⟩ ∃ ≥ ⟨ ⟩ ∈ G

∈ ∈ ⟨ ⟩ G

G

⊥

E G E E

E { G ⇐ G | ⇐ ∈ E } G

G

G

∈

G G ≡ ⟨ ⟩ ∉ G

G G ≡

G G ≡

⊥

E

B

H

T ⊆

T ⊆ T

T

⊆

E G E I

T

I ∪ { ∈ B × | ⇐ E

{⟨ ⟩} ∪ ⊆ I

{ }

∈

⟨ ⟩ }

Definition 4.4

Definition 4.5 (abstract program)

Definition 4.6 (abstract Herbrand base, abstract Herbrand interpretation)

Definition 4.7 t t t t

G , θ G , θ i . t , t , t

e θ , e G u O e . t , t

λ sh ρ, sh e , λ ρ e sh x,

x

sh x, x x V

f sh t , , , sh t , x f t , , t x , x

sh l , sh r, x l r

sh e , , , sh e , x e , , e

T

T

T s S ub λ ρ e < < ,

l r, ϑ s ,

mg u f l at e , s σ,

mg u λ r ϑ σ θ ,

u O r ,

s l r ρ , ϑσ θ .

=

. . . 0 =

¯

( )

A program is abstracted by simplifying the right-hand side and the b o dy of each clause.

This definition is given inductively on the structure of terms and equations. The main idea

is that terms whose corresp onding no des in have a cycle are drastically simplified by

replacing them by .

= = ( ) ( ) ( = ) ( )

( ) =

( ( ) . . . ( )) ( . . . )

( ) = ( ) ( = )

( ) . . . ( ) . . .

W e can now formalize the abstract semantics.

W e define an abstract fixp oint semantics in terms of the least fixp oint of a continuous trans-

formation based on abstract unification and the op eration of abstraction of a program.

The idea is to provide a finitely computable approximation of the concrete denotation of the

program . In the following, we define the abstract transformation .

2

2

˙

˙

W e can easily show that the set of abstract -interpretations is a complete lattice w.r.t.

˙

.

( ) = Φ ( = )

=

( ( )

˙

) =

( = ( ) ) =

¯

( )

= = [ ]

A lo op-che ck is a gr aph asso ciate d with a pr o gr am , i.e. a r elation

c onsisting of a set of p airs of terms, such that: (1) the tr ansitive closur e is de cidable

and (2) L et b e a function which assigns to a term some no de in . If ther e is

an infinite se quenc e: then wher e

and (we r efer to as a ‘cycle’ of .)

L et b e a pr o gr am. L et b e a lo op-che ck for . We define the abstr action of as fol lows:

, wher e the shel l of an

expr ession ac c or ding to a lo op-che ck is define d inductively

if

if and

if

if

otherwise

The abstr act Herbr and b ase of e quations is define d as the set of e quations over the

abstr act Herbr and universe . An abstr act Herbr and interpr etation is any element of .

An abstr act -interpr etation is an element of . A p artial or der on abstr act

-interpr etations c an b e define d in a similar way to the or der on -interpr etations.

L et b e a pr o gr am and b e a lo op-che ck for . L et b e an abstr act

-interpr etation. Then,

.

1

1

1 ca

ca

ca

ca

E

E

E

E E

′ ′ ′ ′ ′

′

E

′ ′ ′ ′

♯

♯

♯

♯

♯

♯

♯

♯

♯

♯

ca

♯

♯

♯

n

m

♯ ♯

♯

♯

♯

n

♯

T

E E F E

E

F E

E ↑

E F E

F E

↑ ∝ ↑

F E ∝ F E

F E

⇐

⇐

F E

E ⇐ ≡ ⇐

⇐ E ≡ F E

⪯

E { ⇐ ⇐

⇐ ⇐ } G {⟨ ⟩}

F E {

⊥ }

⇐ ≡ ⇐

{{ } { } { } { }}

⇐ F E {{ }

{ } { } { ⊥ }}

⇐

≡ F E

E

⇐ E

Prop osition 4.8

Definition 4.9 (abstract least fixp oint semantics)

Theorem 4.10

Theorem 4.11

Corollary 4.12

Theorem 4.13 (strong completeness)

Example 6

Corollary 4.14

Example 7

T

T l f p T

T

k T T k

k T k T ω

G

G f l at G

G e , , e θ

G G e , , e < < θ mg u f l at G , G

θ θ

g c , h , h c

c , h g x c h x g x c x h x , h x

, g x g x , h x h x , c x c x , g c , h

, h c c , h g c

G h g x y

y /h g x , x/ , y /h c , x/ , y /c , x/ , y /c h

h z y , g x z y /h g x ,

x/ , y /h c , x/ , y /c , x/ , y /c

G

mg u f l at G , G f ail G e , , e < < G

h g x x

The op er ator is c ontinuous on the c omplete lattic e of abstr act -

interpr etations.

L et . The abstr act le ast fixp oint semantics of a pr o gr am is

.

Ther e exists a finite p ositive numb er such that .

Ther e exists a finite p ositive numb er such that .

.

L et b e a pr o gr am and b e a go al. If is a c ompute d answer substitution

for in , then ther e exists such that

and .

The analysis of the pr o gr am

using the lo op-che ck r eturns

the set

, which appr oximates the pr o gr am suc c ess set. Given

a go al , b asic c onditional narr owing c omputes the substitutions

and then go es on inde-

finitely. The abstr act substitutions r eturne d by the abstr act unific ation of the e quations in the

flattene d go al into the abstr act denotation ar e

, which appr oximate the c ompute d answers

of .

If for al l , then is

unsatisfiable in .

The go al is unsatisfiable in the pr o gr am of Example 6.

( ) = ( ) ( ) =

˙

( )

The following theorem states that ( ) is always finitely computable.

( ) =

F rom a semantics viewp oint, given a program , the fixp oint semantics ( ) is approxi-

mated by the corresp onding abstract fixp oint semantics ( ). That is, we can compute an

abstract approximation of the concrete semantics in a finite numb er of steps. The correct-

ness of the abstract fixp oint semantics with resp ect to the concrete semantics is proved by

the following:

( ) ( )

The semantics ( ) collects goal-indep endent information ab out success patterns of a

given program. The relation b etween the abstract fixp oint and the concrete op erational

semantics (computed answer substitutions) is given by the following theorem. Roughly

sp eaking, given a goal , we obtain a description of the set of the computed answers of

by abstract unification of the equations in ( ) with equations in the approximated

semantics ( ).

. . .

. . . ( ) = ( ( ) )

= (0) = (0) (0) = 0 ( (0)) =

(0) ( ( )) = ( ( )) ( ) = ( ) = ( ) ( )

( ) = 0 = 0 ( ) = ( ) ( ) = ( ) ( ) = ( ) (0) = (0) (0) =

0 ( (0)) = (0) ( (0)) = ( )

( ( )) =

( ( )) 0 ( (0)) 0 (0) 0 ( (0))

( ) = ( ) = ( ) ( ( ))

0 ( (0)) 0 (0) 0 ( )

The following corollary represents the main result in this section.

( ( ) ) = . . . ( )

( ( )) =

W e are then left with the problem of defining the comp ositional abstract semantics.

⋃

⋃

Example 8

Theorem 4.15

Example 9

4.3 Com p ositional Abstract Seman tics

1 2

1 2

1

1

2

2

1 2

1 2

1 2

1 2

1 2

1 2

( )= ( )

= Υ( )

1

1

2

2

1 2 1 2

1 2

1 2

1 2 1

2

1 2

1 2 1 2

1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 1 2 2 1 2 ca ca ca

ca

ca ca

ca

♯

V

♯

ca ca

ca

ca ca ca ca

ca

ca

ca ca ca

ca ca ca ca ca ca

♯ ♯ ♯

♯

♯ ♯

♯

♯ ♯

♯

♯

♯ ♯

♯ ♯

S ub

♯ ♯

♯

♯

♯

♯ ♯ ♯ ♯ ♯ ♯

f x f x ,ϵ

♯

l r,θ

♯

♯

♯

♯

♯ ♯

♯

♯

♯ ♯ ♯ ♯

♯

♯ ♯

E ∪E E E

E

E E

E ∪E

B ×

E ∪E E

E

E ∪E

E E E E

E ∪E

⟨ ⟩∈I

⟨ ⟩∈ I ∼ I

E ∪E E E

E

E

E ∪E E E

E ∪E E ∪E E E ∪E E E ∪E

′

′ ′′

I I ∪ I

E { ⇐ ⇐} E { ⇐}

E E E E E E

E ∪ E { ⊥ ⇐ ⊥ ⇐ ⊥ ⇐} { }

{ } { }

{ ⊥}

E ∪ E E E

E E

E E ∀I ∈ I I ∪

I ∪

G

E ∪ E

I ∪ I I ∪ I G

I {⟨ ⟩}

I I ∪ {⟨ G ⟩}

G G G

E { ⇐ ⇐}

E { ⇐ ⊥ ⇐}

E { ⇐ | }

E { ⇐ | ⊥ ⇐}

∪ {⟨ ⟩ ⟨ ⟩ ⟨ ⟩ ⟨

⟩ ⟨ | | ⟩ ⟨ ⟩ ⟨ ⟩}

∪ {⟨ ⟩ ⟨ ⟩ ⟨

⟩ ⟨ ⟩ ⟨ | | ⟩ ⟨ ⟩ ⟨

⟩} ∪ {⟨ { }⟩ ⟨ ⊥ { }⟩ ⟨ { }⟩

⟨ ⊥ { | }⟩}

T λ .T T

T

a b , c a , b a

a , b , c I c c

T a a, b b, c c, c a T a a, b b

T a a, b b, c c, c

, . T T

T

T T sh T T , ,

f x f x , ϵ

sh l sh r, , θ

T

T

x x , x s y s x y

x x , x s y s

addw , addw x y w eig ht x addw y

addw , addw x y

T T T , ϵ , s x s x , ϵ , x y x y , ϵ ,

, ϵ , x y x y , ϵ , addw x addw x , ϵ , w eig ht x w eig ht x , ϵ

T T T T T T , ϵ , s x s x , ϵ , x

y x y , ϵ , , ϵ , x y x y , ϵ , addw x addw x , ϵ , w eig ht x

w eig ht x , ϵ x y x, y / , x y s , y /s y , addw x , x/ ,

addw x , y / x y

Consider the pr o gr ams . Sinc e

ther e is no cycle in the definition of or , then we assume and ,

while . L et us c onsider .

Then, I

.

, I

.

, wher e as

I

.

.

L et b e pr o gr ams. Then,

wher e the of abstr act Herbr and interpr etations gives us the ability

of c onsidering the information ab out cycles pr esent in the lo op-che ck induc e d by the

c ombine d pr o gr am , in the fol lowing way:

wher e, if , then

.

Consider the pr o gr ams

,

and

,

.

Then we have,

Ø Ø Ø

.

Ø Ø Ø

. (fixp oint)

F ollowing the approach to program comp ositionality in Section 3.2, programs are denoted

by their imm ediate consequence op erators. Hence, it seems reasonable to exp ect that the

abstract transformation maps could also b e comp osed similarly

, i.e. we may exp ect that

= ( ) ( ). The following example shows that such a simple prop erty

do es not hold for the abstract imm ediate consequence op erator defined in Section 4.2.

= = = = =

= =

( ) = = = = = =

˙

( ) = = = = =

˙

( ) = = =

˙

( ) = = = = =

Roughly sp eaking, what is wrong with Example 8 is the fact that the abstract program

( ) may not b e obtained by the simple union of the abstract clauses of and .

In fact, when we comp ose and , information ab out p ossibly new cycles is not kept in

this formalization. Hence, a further abstraction pro cess is needed in order to capture cycles

which p ossibly arise when combining mo dules, as formalized in the following theorem.

2 ( ) = ( )

( ) abstract union

( ) ( ) = ( ( ) ( ) )

Υ( ) = ( ) = ( )

( ) = Υ( ) = ( )

W e note that can b e derived in a comp ositional way from and . However,

b ecause of space limitations we leave this out.

The abstract op erator can b e thought of as a to ol sp ecialized in the analysis of

equational unsatisfiability

. The algebraic comp ositionality of allows for the algebraic

comp osition of analysis for different program mo dules, as will b e shown in our last example.

= + 0 = + ( ) = ( + )

= + 0 = + ( ) = ( )

= ([ ]) = 0 ([ ]) = ( ) + ( )

= ([ ]) = 0 ([ ]) =

( ) = ( ) ( ) = 0 = 0 ( ) = ( ) + = + [ ] =

[ ] [ ] = [ ] ( ) = ( ) ( ) = ( )

( ( )) = ( ( )) ( ( )) = 0 = 0 ( ) = ( ) +

= + [ ] = [ ] [ ] = [ ] ( ) = ( ) ( ) =

( ) + = 0 + = ( ) ( ) ( ) = 0 [ ]

( ) = [ ]

5 Conclusions

References

Journal of

L o gic Pr o gr amming Pr o c. of PLILP’92, L euven (Belgium)

L e ctur e Notes in Computer Scienc e

Pr o c.

of PLILP’93, T al linn (Estonia) L e ctur e Notes in Computer Scienc e

Pr o c. F ourth Int’l Conf. on Alge-

br aic and L o gic Pr o gr amming ALP’94, Madrid (Sp ain)

Handb o ok of

The or etic al Computer Scienc e

ACM T r ansactions on Pr o gr amming L anguages

and Systems

The or etic al Computer

Scienc e

Pr o c. Eighth Int’l Conf. on L o gic Pr o gr amming

Pr o c. F ourth ACM Symp.

Principles of Pr o gr amming L anguages

Pr o c. 8th Int’l Col lo quium on

Automata, L anguages and Pr o gr amming ICALP’81 L e ctur e Notes in Computer

Scienc e

Handb o ok

of The or etic al Computer Scienc e

W e have presented an approach to the semantics of conditional term rewriting systems able

to capture the natural ability of equational logic programs to compute answers. W e have

also shown that it is p ossible to formulate an equiv alent characterization of this semantics

as the least fixp oint of a suitable continuous transformation, which we have proven to b e

comp ositional w.r.t. program union. W e have finally presente d an abstraction of this fixp oint

semantics which yields an approximated finite (goal-indep endent) description of the success

patterns of the program. A comp ositional analysis of equational unsatisfiability has b een

develop ed to illustrate our approach.

The concrete and the abstract semantics can supp ort modular development and analysis

of large programs. T o the b est of our knowledge this is the first comp ositional analysis for

equational Horn programs.

[1] M. Alpuente, M. F alaschi, and F. Manzo. Analyses of Unsatisfiabil i ty for Equational Logic

Programming. T echnical Rep ort DSIC-I I/29/92, UPV, 1992. T o app ear in the

. Short version in , volume 631 of

, pages 443-457. Springer-V erlag, 1992.

[2] M. Alpuente, M. F alaschi, M.J. Ramis, and G. Vidal. Narrowing Approximatio ns as an op-

timization for Equational Logic Programs. In M. Bruyno ogh e and J. Penjam, editors,

, volume 714 of , pages

391–403. Springer-V erlag, Berlin, 1993.

[3] M. Alpuente, M. F alaschi, and G. Vidal. Comp osition al Analysis for Equational Horn Pro-

grams. In G. Levi and M. Ro dr ´ ıguez -Artalejo, editors,

, Lecture Notes in Computer Science.

Springer-V erlag, Berlin, 1994.

[4] K. R. Apt. Intro duction to Logic Programming. In J. v an Leeuwen, editor,

, volume B: F ormal Mo dels and Semantics. Elsevier, Amsterdam

and The MIT Press, Cambridge, Mass., 1990.

[5] R. Barbuti, R. Giacobazzi , and G. Levi. A General Framework for Semantics-bas ed Bottom-

up Abstract Interpretation of Logic Programs.

, 15(1):133–181, 1993.

[6] P

. Bosco, E. Giov annetti , and C. Moiso. Narrowing vs. SLD-resoluti on.

, 59:3–23, 1988.

[7] M. Co dish, M. F alaschi, and K. Marriott. Susp ension Analysis for Concurrent Logic Programs.

In K. F uruk awa, editor, , pages 331– 345. The

MIT Press, Cambridge, Mass., 1991.

[8] P

. Cousot and R. Cousot. Abstract Interpretation: A Unified Lattice Mo del for Static Analysi s

of Programs by Construction or Approximatio n of Fixp oints. In

, pages 238–252, 1977.

[9] N. Dershowitz. T ermination of Linear Rewriting Systems. In

, volume 115 of

, pages 448–458. Springer-V erla g, Berlin, 1981.

[10] N. Dershowitz and J.-P

. Jouannaud. Rewrite systems. In J. v an Leeuwen, editor,

, volume B: F ormal Mo dels and Semantics, pages 243–320.

Elsevier, Amsterdam and The MIT Press, Cambridge, 1990.

The or etic al Computer Scienc e

Information and Computation

7th Int’l Conf. on

Automate d De duction CADE’84

Pr o c. T

APSOFT’87 L e ctur e

Notes in Computer Scienc e

An Initial Algebr a Appr o ach to the Sp e cific ation,

Corr e ctness and Implementation of Abstr act Data Typ es

F oundations of Equational Lo gic Pr o gr amming L e ctur e Notes in

Artificial Intel ligenc e

5th Int’l Conf. on Automate d De duction

L e ctur e Notes in Computer Scienc e

The or etic al Computer Scienc e

Handb o ok of L o gic in Computer Scienc e

The or etic al Computer Scienc e

Pr o c. Fifth Int’l Conf. on L o gic Pr o gr amming

Applic able Algebr a

in Engine ering, Communic ation and Computing

Pr o c. IEEE Symp.

on L o gic Pr o gr amming

Pr o c 3r d Int’l Workshop on Conditional Term Rewriting

Systems CTRS-92 L e ctur e Notes in Computer Scienc e

[11] M. F alaschi, G. Levi, M. Martelli, and C. Palamidessi . Declarative Mo deli ng of the Op erational

Behavior of Logic Languages. , 69(3):289–318, 1989.

[12] M. F alaschi, G. Levi, M. Martelli, and C. Palamidessi . A Mo del-Theoreti c Reconstructio n of

the Op erational Semantics of Logic Programs. , 103(1):86–113,

1993.

[13] L. F rib ourg. A Narrowing Pro cedure for Theories with Constructors. In

, pages 259–278, 1984.

[14] J. Goguen and J. Meseguer. Mo dels and Equality for Logical Programming. In G. Levi

H. Ehrig, R. Kowalski and U. Montanari, editors, , volume 250 of

, pages 1–22. Springer-V erl ag, Berlin, 1987. V olume 2.

[15] J.J. Goguen, J. Thatcher, and E. W agner.

, volume 4, pages 80–149. Prentice-

Hall, 1978.

[16] S. H¨ olldob ler. , volume 353 of

. Springer-V erlag, Berlin, 1989.

[17] J.M. Hullot. Canonical Forms and Unification. In ,

volume 87 of , pages 318–334. Springer-V erlag , Berlin, 1980.

[18] S. Kaplan. Conditional Rewrite Rules. , 33:175–193, 1984.

[19] J.W. Klop. T erm Rewriting Systems. In S. Abramsky

, D. Gabbay

, and T. Maibaum, editors,

, volume I. Oxford University Press, 1991.

[20] E. Knill, P

.T. Cox, and T. Pietrzykowski. Equality and ab ductive residua for Horn Clauses.

, 120:1–44, 1993.

[21] M. J. Maher. On parameterized substitution s. T echnical Rep ort RC 16042, IBM - T.J. W atson

Research Center, Y orktown Heights, NY, 1990.

[22] P

. Mancarell a and D. Pedreschi. An Algebra of Logic Programs. In R. A. Kowalski and K. A.

Bowen, editors, , pages 1006–1023. The MIT

Press, Cambridge, Mass., 1988.

[23] A. Middeldorp . Mo dular Prop erties of Conditiona l Term Rewriting Constructor Systems.

T echnical Rep ort CS-R9105, Centre for Mathematics and Computer Science, Amsterdam, 1991.

[24] A. Middel dorp and E. Hamo en. Completeness Results for Basic Narrowing.

, 5:213–253, 1994.

[25] R. A. O’Keefe. T owards an Algebra for Constructing Logic Programs. In

, pages 152–160. IEEE, 1985.

[26] M. Rusinowitz and J.L. Remy

, editors.

, volume 656 of . Springer-V erlag, Berlin,

1992.