∗

◯

∗

>

<

Keywords:

abstr act narr ower

THE JOURNAL OF LOGIC PROGRAMMING

MARIA ALPUENTE , MORENO F

ALASCHI , AND

FERDINANDO MANZO

ANAL

YSES OF UNSA

TISFIABILITY F OR

EQUA

TIONAL LOGIC PR

OGRAMMING

A ddr ess c orr esp ondenc e to

A ddr ess c orr esp ondence to

A ddr ess c orr esp onde nc e to

J. LOGIC PROGRAMMING 1993:12:1–199

This work has b een partially supp orted by CICYT under grant TIC 92-0793-C02-02

Departamen to de Sistemas Inform´ aticos y Computaci´ on, Univer-

sidad Polit́ ecnica de V alencia, Camino de V era s/n, Ap do. 22012, 46020 V alencia, Spain, e.mail:

alpuente@dsic.up v.es

Dipartimento di Elettronica e Informatica, Universit` a di Padov a,

Via Gradenigo 6/A, 35131 Padov a, Italy e.mail: falaschi@di.unipi.it

Dipartimento di Informatica, Universit` a di Pisa, Corso Italia, 40,

56125 Pisa, Italy

c Elsevier Science Publishing Co., Inc., 1993

655 Avenue of the Americas, New Y ork, NY 10010 0743-1066/93/$3.50

The problem of unifying pairs of terms with resp ec t to an equational the-

ory (as well as detecting the unsatisfiability of a system of equations) is in

general undecidable. In this work we define a framework based on abstract

interpretation for the (static) analysis of the unsatisfiability of equation

sets. The main idea b ehind the metho d is to abstract the pro cess of seman-

tic unification of equation sets based on narrowing. The metho d consists

of building an for equational theories and executing the

sets of equations to b e detected for unsatisfiability in the approximated

narrower. As an instance of our framework we define a new analysis whose

accuracy is enhanced by some simple lo op-checking technique. This anal-

ysis can also b e actively used for pruning the search tree of an incremental

equational constraint solver and can b e integrated with other metho ds in

the literature. Standard metho ds are shown to b e an instance of our frame-

work. T o the b est of our knowledge, this is the first framework prop osed

for approximating equational unification.

Abstract interpretation, equational logic programming, term

rewriting systems, universal unification.

E

E E

E E

E

E

E

1. INTRODUCTION

unific ation

unifier

unifiers

unifiers

unific ation

unific ation

abstr act r ewriting

Equational Logic Programming [30, 34] is a relev ant extension of the logic program-

ming paradigm where logic programs are augmented by Horn equational theories.

The op erational semantics of an equational logic language is some sp ecial form

of equational resolution (such as SLDE-resolution [26, 30, 34]), which is in turn

based up on equational unification [23, 26, 48]. Equational unification ( -

[26, 30]) is the problem of unifying a pair of terms with resp ect to an equational

theory . There is in general no single most general - of two terms. A

complete set of - of a pair of terms may even b e infinite. The set of -

of a pair of terms is semidecidable, even for unconditional and canonical

equational theories. The unsatisfiability of a system of equations is also undecid-

able. A numb er of - pro cedures have b een develop ed [23, 26, 30, 32, 36].

Conditional narrowing, e.g., has b een shown to b e complete for equational theories

satisfying different restrictions [30, 32, 36, 42].

The definition of any equational logic language must necessarily address the

problem of the completeness and termination of -unification. In order to overcome

the latter problem, lazy strategies relying on delayed unification have b een defined

[2, 14, 30]. In [14, 30] only a partial unifier of the equations is computed and the

unsolved equations are added as residuum to the goal clause to b e solved later. In

[2] unificands are reduced b efore they are submitted to the unification algorithm.

Equations which are not ready for ev aluation are p ostp oned until they can b e

decided. V erified ground equations are then discarded.

Several metho ds to improv e the termination of - algorithms have

b een rep orted [1, 15, 47]. These algorithms are guided by a graph of terms to

detect and remove some lo ops of the search tree which do not lead to any solution.

The improv ed algorithms are still complete but termination is only guaranteed for

theories which satisfy a given condition.

The ability to detect the unsatisfiability of a set of equations is also very im-

p ortant to prune useless paths from the search tree and save a lot of unnecessary

computation. The standard metho ds to recognize failure are based on the idea that

two terms headed by different irreducible symb ols can never b e equal [2, 25]. [22]

intro duces another decidable notion to detect unsatisfiability which is based on an

analysis of joinability of the outermost function symb ols of each equation. A close

idea is develop ed in [11] for constructor-based programs, i.e. programs which ob ey

the constructor discipline and where all functions are defined completely

. This anal-

ysis relies on comparing the sets of p ossible constructor normal forms of the two

sides of each equation, which are approximated by the notion of

[11].

In this pap er we define a framework based on abstract interpretation for the

(static) analysis of the unsatisfiability of equation sets with resp ect to a given

equational theory . W e give a formalization of the classical metho ds defined in

[2, 22, 25] as an instance of our framework and show that their correctness can b e

proven as a consequence of a general theorem (Theorem 4.6) and a sp ecific (simple)

lemma (Lemma 6.3) to b e proven for each case. W e also define a new algorithm

for detecting statically when a set of equations is unsatisfiable with resp ect to an

equational theory

. This algorithm is based on the idea that rewrite rules can b e

abstracted and an approximated narrowing can b e p erformed and it is an instance

of our framework. The abstract most general unifier for our metho d is very simple

/

/

c c

c

c

c

H E

E

H E and roughly sp eaking it b oils down to computing a solved form of an equation set

with (p ossibly) existentially quantified v ariables. Existentially quantified v ariables

can b e intro duced by our abstract narrower as a result of the abstraction made over

the terms app earing in the rewriting rules. W e make use of a simple technique of

lo op detection to build a graph of functional dep endencies and improve our metho d.

Since our metho d can b e seen as parametric with resp ect to the lo op check, any

improvement on the lo op-checking technique would corresp ondingly yield to an

improvement of the accuracy of our analysis. W e discuss the relation of our metho d

with a similar mechanism to detect equational unsatisfiability as defined in [22].

The algorithm can b e used to prune useless paths in the search tree for a given set

of equations. It may as well b e used for constraint languages like CLP( ) [3, 4]

which integrates equational and logic programming as instance of the CLP scheme

[33]. In this language equations are treated as constraints and are incrementally

added to the “store” to b e checked for solv ability

. This test can b e very costly (not

to mention termination is not guaranteed) and, as p ointed out in [29], partial but

efficient constraint solvers turn out to b e v aluable. Our algorithm always terminates

and says that the set of equations is unsatisfiable or returns a finite description

of the set of its -unifiers which can b e effectively used to prune the search tree

incrementally

. The set of answers has the prop erty that each concrete solution is an

instance of one of these answers. It is conceiv able a lazy pro cedure for CLP( )

which do es not prove the solv ability of a set of equations but just checks that

is not “unsatisfiable” by means of our algorithm and then uses the collected set of

answers for pruning the search tree of the constraint solver incrementally

. A final

guided execution of the “full” narrower may find the concrete solutions and p ossibly

detect the unsatisfiability not detected by this lazy pro cedure. This metho dology

is similar to that followed by [29]. In the framework of CLP

, [29] intro duces a

relaxation function which asso ciates with each constraint another constraint (that

is implied by ) for which solv ability can b e easily tested. The unsolv ability of the

relaxed constraint implies the unsolv ability of . [29] mainly considers constraints

over finite domains, the case of equational theories is not considered.

W e formalize the idea of approximated narrowing in the framework of abstract

interpretation [16, 18]. W e prove that our analysis of unsatisfiability always termi-

nates and is correct, i.e. if it terminates with failure the constraint is unsatisfiable.

Clearly

, since the problem is undecidable the analysis may sometimes fail to detect

unsatisfiability .

Interesting to note we abstract term rewriting systems and obtain a form of

compiled simplified “program” which always terminates and in which we can exe-

cute a compiled query efficiently

. Differently to the standard approach to abstract

interpretation [41] where all the work of abstraction is left to the pro cedure which

computes the abstract most general unifier of two terms.

Our equational analyzer is incremental. When new equations are added to a set

of equations which has already b een checked, it is p ossible to ’merge’ the result of

the previous analysis with the new equations and hence make an analysis which is

simpler than ‘restarting from scratch’.

The structure of the pap er is as follows. After intro ducing some preliminary

notions in Section 2 we present the concrete basic narrowing in Section 3. In Section

4 we first recall the concept of abstract transition system [16], then we define a

finitely failed abstract transition system and give a general correctness theorem of

the framework. In Section 5 we define an algorithm to detect unsatisfiable equations

′ ′

1

1 1

1 1

1 1 n

i C

C C

C

n n

u

u

n n

n n

2. PRELIMINARIES

∪

H

∈ ∪

∈ ∈ ∪

⊆

{ }

≡

{ }

≤

|

∈

∪

∪

{ ∈ | ≢ }

{ → → }

{ }

≤

≤

,

τ τ

τ

, τ , , . . . ,

τ , . . . , ,

,

, . . . , , . . . ,

τ

τ

σ σ

σ , . . . ,

, . . . , ϵ

V

V V

s t s t V p t t

p n t V i n

V ar s

s

t depth t

t depth t

f t t max depth t depth t

t u v w

uw v O t t O t

t t u

t t r t u r t u

t u O t

V V

V

Sub Dom x V x x

x t x t

x t x t

Eqn

Eqn

fail

true Eqn E E E

E Eqn true

fail solve d fail and present the (extension and) formalization in our framework of other metho ds

in the literature like [2, 22, 25]. In Section 6 we prove that the analyses presented

in this pap er are correct. Section 7 shows an incremental equational analyzer which

incrementally builds the search tree as long as new constraints are added. In Section

8 we present some optimizations for our analyzer and make a comparison with some

related work [2, 11, 22, 25, 30] which we show how it can b e suitably integrated

with our metho d.

A preliminary (short) version of this pap er app eared in [5].

By Σ Π and (p ossibly subscripted) we denote denumerable (disjoint) collections

of function symb ols, predicate symb ols and v ariable symb ols with their signatures.

(Σ ) and (Σ) denote the sets of terms and ground terms built on Σ and ,

resp ec tively

. (Σ) is usually called the Herbrand Universe ( ) over Σ. A Σ-equation

= is a pair of terms (Σ ). A (Π Σ)-atom is an element ( )

where Π is -ary and (Σ ), = 1 . A (Π Σ)-constraint is

a (p ossibly empty) finite set of (Π Σ)-atoms, with Π Π. Throughout the

pap er we assume Π = = . ( ) is the set of distinct v ariables o ccurring in

the syntactic ob ject . A fresh v ariable is a v ariable which app ears nowhere else.

Identity of syntactic ob jects is denoted by . The symb ol ~ denotes a finite sequence

of symb ols.

Let us briefly recall some basic notions ab out equations, conditional rewrite

systems and universal unification. F or full definitions refer to [19, 37]. T erms are

viewed as lab elled trees in the usual way

. The depth of , written ( ), is

defined recursively as follows. If is a constant or a v ariable, then ( ) is 1.

Also, the depth of ( ) is 1 + ( ( ) ( ) ). Occurre nces

are represente d by sequences , p ossibly empty

, of natural numb ers used to address

subterms of , and they are ordered by the prefix ordering if there exists a

such that = . ( ) denotes the set of o ccurrenc es of a term .

¯

( ) denotes the

set of nonv ariable o ccurrenc es of a term . is the subterm at the o ccurrence

of . [ ] is the term with the subterm at the o ccurrence replaced with . [ ]

denotes the lab el in at o ccurrenc e ( ). These notions extend to equations in

a natural way

. A substitution is defined as an almost identical mapping from the set

of v ariables into the set of terms (Σ ). It naturally extends to a mapping from

terms to terms or from equations over terms to equations over terms. W e restrict

our interest to the set of idemp otent substitutions over (Σ ), which is denoted

by . In abuse of notation, ( ) = is called the domain

of . The equational representation of a substitution is the

set of equations, = = . The empty substitution is denoted by .

W e describ e the lattice of equation sets following [17]. Also see [39, 40]. W e let

denote the set of p ossibly existentially quantified finite sets of equations over

terms. Elements of are regarded as (quantified) conjunctions of equations and

treated mo dulo logical equiv alence. W e let denote the unsatisfiable equation

set, which (logically) implies all other equation sets. Likewise, the empty equation

set, denoted by , is implied by all elements of . W e write if

logically implies . Thus is a lattice ordered by with b ottom element

and top element . An equation set is if it is either or it has the form

R

R

1 1 1

1 1

1 1

1 1

1 1

1 1 1 1

1

1 m n n i

i i j

n n

n n

n n

n n

n n n

n

n i

n

∃ ∃ { }

∃ { } { } ∃ { }

{ → → }

{ }

∧ ∧ ∧

≤ ≤

∃ ≡ ≤ ⇒ { → → }

≤ { } {

} ⇒

∃ { }

E

⇐ ≥

R R

→ ⇐

∈ ∪ ∉ ⊆

≥

→ R

R

R

E

R

E

→ R

→

. . . . , . . . ,

. , . ,

, . . . ,

, . . . ,

. . . θ θ

θ

θ σ

γ . σ θ γ θ σ σ θ , . . . ,

, . . . , , . . . ,

.

, . . . , , , . . . ,

,

λ ρ

λ ρ τ λ ρ λ

, . . . ,

λ

λ ρ

, y y x t x t x

t y t

solve E E

x x f y z y z y y x f y z y

x t x t

x t x t

x t x t y t

x t x t

unifier E E x t x t x t x

t E E unif E mgu E

most gener al unifier E

most gener al unifier

y x f y

e e e n e e i n

C

V V V ar V ar C

e e n C

s t s t

= = where each is a distinct v ariable not o ccurring

in any of the terms and each o ccurs in some . Every set of equations has at

least one (logically) equiv alent solved form. W e let the non-deterministic function

( ) cho ose one of these solved forms of equation sets . F or example, a solved

form of = ( ) = is = and = ( ) = is in solved form.

There is a natural isomorphism b etween substitutions and unquantified equation

sets.

W e use the same notation for a substitution , the corre-

sp onding set of equations = = and the corresp onding conjunction

of equations = = . F or example we may write ( = ), where

the first o ccurrence of is a conjunction of equations and the second o ccurrence is

the application of a substitution.

The notions of application, comp osition and relative generality are defined in

the usual way [9]. W e consider the usual preorder on substitutions : iff

. Note that iff [45]. A substitution is

a of an equation set if = = , i.e. = =

. W e denote the set of unifiers of by ( ) and ( ) denotes the

of the unquantified equation set .

While every unquantified equation set has a [38], this is

not true in general for equation sets with existentially quantified v ariables. F or

example, the equation set = ( ) do es not have a most general unifier.

W e note that when dealing with the concrete op erational semantics the extra

machinery of quantified v ariables is not needed, all equations can b e thought of as

unquantified, and hence as isomorphic to a most general unifier. In the abstract

semantics our algorithm replaces some of the terms in the term rewriting system

by o ccurrence s of a sp ecial symb ol which from the logical viewp oint stands for

a quantified v ariable. Hence, it is only when arguing the relation b etween the

concrete and abstract op erational semantics that we need to consider quantified

equation sets.

A Horn equational Σ-theory consists of a finite set of equational Horn clauses

of the form , 0, where , = 1 , are Σ-equations.

Σ-equations and Σ-theories will often b e called equations and theories, resp ect ively .

An equational goal is an equational Horn clause with no head.

A T erm Rewriting System (TRS for short) is a pair (Σ ) where is a finite

set of (conditional) reduction (or rewrite) rule schemes of the form ( ),

, (Σ ), and ( ) ( ). The condition is a p ossibly

empty conjunction , 0, of equations. V ariables in that do not

o ccur in are called extra-v ariables. If a rewrite rule has no condition we write

. When the condition in every rule in is empty the system is said to b e

unconditional. Otherwise, it is said to b e conditional. W e will often write just

instead of (Σ ).

A Horn equational theory which satisfies the ab ove assumptions can b e viewed

as a term rewriting system where the rules are the heads (implicitly oriented from

left to right) and the conditions are the resp ec tive b o dies. W e assume that these

assumptions hold for all theories we consider in this pap er unless we explicitly state

otherwise. The equational theory is said to b e canonical if the binary one-step

rewriting relation defined by is no etherian and confluent [37]. F or syntactical

characterizations of confluent conditional theories refer to [10, 13, 43].

A term conditionally rewrites to a term , written , if there exists a rule

⊎

0

+1

1 1

0

1 1 n n

u u

i i i i i

i

i

n

u u

n

n

n

n n

i i

∗

R

∗

R

R

∗

R

∗

R

R

R R ≥ R

R

R

′

′

R

′ ′

R

R

R

R

E

E

E

E λ ρ , . . . ,

σ λσ ρσ , . . . ,

σ σ

< <

λσ λ ρ

ρσ

λ ρ λ

λ ρ

σ λσ ρσ σ

σ

τ

, . . . ,

σ σ σ

σ

σ σ θ γ

θ γ

→ ⇐ ∈ R ∈

|

→ → ↓

→ →

R

R R R

→ ⇐

R ∈

→ ⇐ ∈ R

C F C

F C

→

E → → ∪ {→ }

→ ∅

→ → ⇐ ∈ R

| ↓

∈ → ≥

→

R

→

→

E

E ∪

E |

E E

E

E

{ }

E

E E

E E

E

∈ E

E E

E

E s t s t u O s

s t s i n

w s w t w s t joinable s t

w s w t w

r r r

C r e dex

r e d ex c ontr actum

f

C f

t t C

u t t t t s

s s s C n

e quality V

E s t s t E

unifiable s t i

unifier E unific ation

unifiers S

E E

S

unifiers unific ation

unifiers

( = = ) , an o ccurrenc e ( ), and a substitution

such that = , = [ ] and, for each = 1 , there exists a term

such that and . Two terms and are ,

if there exists a term such that and . When no confusion can

arise, we omit the subscript .

F or TRS , denotes that is a new v ariant of a rule in such that

contains no v ariable previously met during computation (standardised apart). The

instantiated left-hand side of a reduction rule ( ) is called a

( ucible pression) with .

Let b e a TRS. A function symb ol Σ is irreducible iff there is no rule

( ) such that o ccurs as the outermost function symb ol in ,

otherwise it is a defined function symb ol. In theories where the ab ove distinction is

made, the signature Σ is partitioned as Σ = , where is the set of irreducible

function symb ols and is the set of defined function symb ols. The elements of

are often called constructors.

An imp ortant kind of Horn equational theories are those which are level-confluent

[27, 42]. Let b e the conditional rewrite relation corresp onding to a Horn

equational theory . Then is equiv alent to = , where:

(1) = ; and

(2) holds iff there is a rule ( ) , a non-v ariable

o ccurrenc e of and a substitution such that = , = [ ] and

for all ( = ) . is called level-confluent [27] iff, for each 0,

the relation is confluent. Level confluence can still b e ensured by syntactic

conditions [27]. Of course, level confluence implies confluence. W e call level-

canonical if is level-confluent and no etherian. This is equiv alent to say that each

is canonical. The notion of level-canonicity of a conditional term rewriting

system extends in the obvious way to Horn equational theories.

Each Horn equational theory generates a smallest congruence relation =

called - on the set of terms (Σ ) (the least equational theory which

contains all logical consequence s of under the entailment relation = ob eying the

axioms of equality for ). is a presentation or axiomatization of = . In abuse

of notation, we sometimes sp eak of the equational theory to denote the theory

axiomatized by .

Given a finite set of equations = = = , we say that is

- iff there exists a substitution such that = for each . The

substitution is called an - of . - is semidecidable.

F or an equational theory

, the notion of most general unifier generalizes to com-

plete sets of minimal (incomparable) - . A set of -unifiers of the equation

set is complete iff every -unifier of factors into = for some substi-

tutions and . A complete set of -unifiers of a system of equations may b e

infinite. Minimal complete sets of - do not always exist. An -

pro cedure is complete if it generates a complete set of - for all input equa-

tion sets. By applying narrowing or some refinement or v ariant thereof, it is p ossible

to construct a complete set of -unifiers for a given set of equations in canonical

theories satisfying different restrictions [30, 32, 42].

⊏

⊏

′

′

R

R u

u

u

u

3. BASIC CONDITIONAL NARROWING

BCN unification rule:

BCN narrowing rule:

λ ρ < < σ σ λ

ρ σ

λ ρ σ

σ λσ

θ

θ θ

, ϵ

, ϕ ϕ

σ θ

, θ , θ σ

λ ρ < < σ θ λ

, θ ρ , θ σ

R

∈ ∈

→ ⇐ R { | }

∼ { } ∪ { } ∪

→ ⇐ R

≡

E

R

⟨ ⟩

⟨ ⟩

E

⟨ ⟩ ⟨ ⟩

∈ ∧ ∈ ∧ → ⇐ R ∧ { | }

⟨ ⟩ ⟨ ∼ { } ∪ { } ∪ ⟩ g

g e g u O e

C mgu e

g g e e C s r e dex

C

s

b asic

b asic

unific ation

skeleton envi-

r onment

skeleton g envir onment

g g

states State

g g

true

unifier g

mgu g

g true

e g u O e C mgu e

g g e e C

Given a conditional TRS , an equational goal clause conditionally narrows into

a goal clause if there exists an equation ,

¯

( ), a (standardised apart)

v ariant ( ) and a substitution such that = ( = )

and = (( ) [ ] ) . is called a (narrowing) iff there exists

a new v ariant ( ) of a reduction rule in and a substitution such

that .

Basic (conditional) narrowing is a restricted form of (conditional) narrowing

where only terms at o ccurrenc es are considered to b e narrowed [31, 42]. In-

formally

, a basic o ccurrence is a nonv ariable o ccurrenc e of the original goal or one

that was intro duced into the goal by the nonv ariable part of the right-hand side

or the condition of a rule applied in a preceding narrowing step. The idea b ehind

the concept of is to avoid narrowing steps on subterms that are intro duced

by instantiation. Basic Conditional Narrowing (BCN) is a complete -

algorithm for level-canonical Horn equational theories [42].

Let b e a level-canonical TRS. W e formulate a Basic Conditional Narrowing

calculus according to the partition of equational goals into a and an

part, as in [30].

The part is a set of equations and the part is a substi-

tution . Substitutions are comp osed in the environment part, but are not applied

to the terms in the skeleton part. Due to this representation, the basic o ccurrences

in are all in , whereas the non-basic o ccurrenc es are all in the co domain of .

The set of goals ( ) is denoted by . The calculus is defined as a transition

system, which is a directed graph that has states as no des. The initial state is a

‘source’ no de and edges corresp ond to reduction b etween states. Thus reduction

sequence s corresp ond to paths in the graph from the source. T o solve the equation

set , the algorithm starts with the initial state and tries to derive new goals

until a terminal goal is reached. Each substitution in a terminal goal

is an - of . By abuse of notation, it is often called solution. The BCN

calculus is defined by the two following rules:

= ( )

¯

( ) ( ) = ( ( ) = )

( ) [ ]

In the following section we recall a general metho d to approximate transition sys-

tems [16]. W e then show how to use this metho d for approximating term rewriting

systems and narrowers.

1

2

1 2 γ

γ

γ

γ γ

′ ′

′ ′ ′ ′ ′

A A

A A A

A A A A

A A A A

4. APPROXIMA

TING TRANSITION SYSTEMS

, γ ,

γ

℘

γ γ

, γ , , γ ,

. .

, , .

, γ , , γ , ,

, , , .

, κ , κ

1 1 1 2 2 2 1 2

1 2 1 1

1 1 1 2 2 2 1 2 1 2

1 2 1 2 1 2 1 2 1 1 2 2

⟨ ⟩

→

∝ ∈

• ⟨ ⟩ ⟨ ⟩ ⊆ ×

⊆ × ∝ ∀ ∈ ∀ ∈ ∝

∧ ⟨ ⟩ ∈ ⇒ ∃⟨ ⟩ ∈ ∧ ∝

• ⟨ ⟩ ⟨ ⟩ ×

× ∝ ∝ ∧ ∝

∝

{⟨ ⟩ | ∈ ∈ }

→ →

4.1. Abstr act Interpr etation

4.2. Abstr act T r ansition System non-standar d interpr etation

standar d interpr etation

Definition 4.1. description Desc D E description

domain D data domain E c oncr etization

function D E E Eqn E Sub E State

e quation description substitution description state description

d e d e e d

D E D E F D D

F E E F F d D e E d

e e e F d d F d e

D E D E d d D D

e e E E d d e e d e d e

d e d e

Desc

Definition 4.2. Eqn Sub

abstr act state domain State Eqn Sub

State g g Eqn Sub State

sub State Sub e qn State Eqn e qn t g

Abstract interpretation [18] formalizes the concept of a semantic based analysis of

programs. The computations are p erformed with resp ect to descriptions (i.e. ap-

proximations) of data rather than the data itself. Thus, an analysis is a computation

p erformed with resp ect to a of data and op erators in

the program. The gives the usual b ehavior of the program.

W e follow the approach of [16]. Thus we define the “approximation relation” in

terms of a “concretization function” which maps elements in a non-standard domain

to those elements in the standard domain which they describ e. The approximation

relation is then lifted from the “base” domains to relations and tuples.

[16] A = consists of a

(a p oset) , a (a p oset) , and a monotonic

: . When = , = or = , the description

is called an , a or a ,

resp ect ively .

W e say that -approximates , written , iff ( ). The approximation

relation is lifted to binary relations and cross pro ducts as follows:

Let and b e descriptions, and and

b e relations. Then iff

Let and b e descriptions, and ( ) : and

( ) : . Then ( ) ( ) iff

When clear from the context we say that approximates and write . By

an abuse of notation we will sometimes let denote b oth the description and

the description domain.

Given an equation and a substitution description, we can define the concept of

“abstract transition system”. W e have chosen the approach of abstracting tran-

sition systems, similarly to [16], for two reasons. The metho d results to b e quite

simple and general since standard formal op erational semantics for narrowing are

often given in terms of transition systems. Besides, the abstract algorithm requires

the collection of all intermediate states for proving the unsatisfiability of a set of

equations.

Given an equation description and a substitution description, an asso ciated state

description is constructed as follows:

Let b e an equation description, a substitution descrip-

tion. Define the , induced by and , to b e

= . Asso ciated with are extraction

functions : and : defined by ( ) = , ρ

ρ

1 2 1 2

T

T

T

T

T

A

A A A

A

A

A

A

A A A

A

A

A A

A

A A

A

A A

′

A

′

A

A

, κ κ , κ

ρ

ρ

ρ

ρ. γ

℘

γ

γ

γ γ /

/ , γ ,

/

/

, κ

, κ

⟨ ⟩ ⟨ ⟩

∈ ∈

∝

∝

∝

∝ ∃ ∝ → { | ∝ }

≃

≃ ≃

⟨ ≃ ∘ ⟩

→ ⊆

×

→ G ≃

→

G

• G

• ∈ ≃ ∈

→

⟨ ⟩

→

⟨ ⟩ t g sub t t g e qn sub

Definition 4.3.

State

Eqn Sub t State s State

t s

sub t sub s

e qn t e qn s

t s t s State State t s t s

State

t t t t State

State r ep

Eqn Sub State r ep State

Definition 4.4.

T s State

State State T

s State State

s

t State t State

t t t t

finite

true

Definition 4.5. s State

finitely faile d true if = and ( ) = , if = . The definition of and extend

naturally to any set of pairs.

Abstract states describ e states which are equiv alent mo dulo v ariable renaming.

This is b ecause the op erational b ehaviour preserves this typ e of equiv alence, and

so it is not necessary to distinguish b etween such states. F urthermore, to ensure

termination of analyses we do not distinguish b etween abstract states which describ e

the same set of states.

[16] induced state description

Let b e an abstract state domain induced from an equation description

and a substitution description . Let , and b e

a renaming. Then iff:

1. ( ) ( ( )); and

2. ( ) ( ( )).

W e write iff . Define : by ( ) = ,

and let b e the equiv alence relation on elements of induced by ; that

is iff ( ) = ( ). W e let denote the equiv alence classes of

and b e a function returning a representative of an equiv alence class.

The induced state description for and is .

Let us now define an abstract transition system. The definition is parametric

with resp ec t to a generic TRS, the set of abstract states and a reduction relation

b etween abstract states. These notions have to b e instantiated in the sp ecialization

pro cess.

abstract transition system

Let b e a TRS, a state and an induced state description. Let

b e a relation (dep ending on ). An abstract transition system

for , and is a transition graph with elements of as

no des which is defined in terms of the abstract reduction relation . The

graph must satisfy:

The source of is an approximation of .

Let

^

denote the equiv alence class of . There is an

edge from

^

to

^

iff .

An abstract transition system should approximate the concrete transition system

semantics BCN we intro duced in Section 3. The basic idea is to approximate the

b ehaviour of a TRS and initial state by a transition graph with no des lab eled

by state descriptions so that the non-existence of a no de lab eled by ensures

the unsatisfiability of the equation set. This motiv ates the following definition.

A (finite) abstract transition system for , and is

iff it do es not contain leaves of the form .

Proof

⊏

⊏ ⊏

⊏

⊏

⊏ ⊏

⊏ ⊏

□

1 1

1 1

1 1 1 1

1 1

1 1

1 1

T

T

T

n n T

T T

n n i i

i i

n n n n

n n n n

T

n n n n

n n

5.1. Abstr act (Basic) Narr owing Analysis

5. ANAL

YSES OF EQUA

TIONAL UNSA

TISFIABILITY

A

A

R

A

A

R R

R

A

R

′ ′ ′ ′

′ ′ ′

R R

− − R

A

R

′ ′

A A

′

−

′

−

′ ′

′

−

′

−

− −

′ ′ ′

−

′

−

A

′ ′ ′ ′

′ ′

⊥

⊥

.

, ϵ

, ϵ

, ϵ , κ

, ϵ . . . , σ

, ϵ , σ σ , ϵ

, κ , σ , κ

κ σ

> , ϵ , θ . . .

, θ , σ , ϵ

, θ . . . , θ , θ

, θ , θ , θ

, θ , θ , θ , θ , σ

τ ,

τ ,

.

E

R ∝ ∀ ∈ ∝

⇒ ≡ → ∝

→ ∝ ⟨ ⟩

E

⟨ ⟩

∝ ⟨ ⟩ ⟨ ⟩ E

E

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ⟨ ⟩ ∝ ⟨ ⟩

→ ∝

⟨ ⟩ ∝ ⟨ ⟩ ⟨ ⟩

∝ ∝ ∝

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ⟨ ⟩ ∝ ⟨ ⟩ → ∝

⟨ ⟩ → → ⟨ ⟩ ⟨ ⟩ ∝

⟨ ⟩ ≤ ≤ − ⟨ ⟩ ∝ ⟨ ⟩

⟨ ⟩ ⟨ ⟩ → ⟨ ⟩ ⟨ ⟩ ∝ ⟨ ⟩

∝

T ∪ ≤

≤

⊥

⊥ ∉ ⊥

T ∪ ∪ {⊥} ⪯

⊥ ⪯

∀ ∈ T ⊥ ⪯ ⪯

The or em 4.6. (Corr e ctness) L et b e a level-c anonic al Horn e quational the ory with

asso ciate d TRS . L et b e an appr oximation r elation such that d Eqn d

true d true . L et T b e a TRS such that . If the abstr act tr an-

sition system for , state s g and State is finitely faile d then g is

unsatisfiable in .

g g

s g true g

g

g true

n

n g true mgu g s g

s

t g t true g

g true g true g true

n g g

g true s g

s g g g

g i n g g

g g g g true

g true g true

V

V

t t t t

The relev ance of this notion is clarified by the following theorem.

(

)

. W e prove the theorem by contradiction. W e prove that if the set of

equations in the state is satisfiable then, in any abstract transition system

for state there is a leaf of the form . If is satisfiable in

then there exists an -unifier of . Thus, by the completeness of Basic Conditional

Narrowing, there exists a path . W e prove the theorem

by induction on the length of the path.

If = 1 then where = ( ). Since and

, by Definition 4.1, there exists an abstract reduction from to some

= such that . Hence, there exists a no de such that

and . Since then = .

Let us consider the inductive case. If 1 then =

. Since and , there exists an abstract

reduction deriv ation = such that

, 1 1. Since , by Definition 4.1 there

exists s.t. and . Hence

and therefore = .

In the next section we present our analysis of unsatisfiability . W e approximate the

b ehaviour of a TRS and initial state by an abstract transition system which can b e

viewed as a finite transition graph with no des lab eled by state descriptions, where

transitions are proved by (abstract) narrowing reduction.

In this section we present an abstract algorithm to prove that a set of equations is

unsatisfiable in a (level-canonical) Horn equational theory . W e define the descrip-

tions for terms, equations, substitutions and term rewriting systems. W e need some

technical definitions first. Notice that we do not distinguish b etween equiv alence

classes and representatives. Moreover, by abuse of notation, we denote in the same

way a preorder and the corresp onding partial ordering induced on the equiv alence

classes of the equiv alence relation asso ciated with the preorder.

By = ( (Σ ) ) we denote the standard domain of (equiv alence classes of )

terms ordered by the standard partial order induced by the preorder on terms

given by the relation of b eing “more general”. Let b e an irreducible symb ol,

where Σ. Roughly sp eaking, the sp ecial symb ol intro duced in the abstract

domains represents any concrete term. Let = ( (Σ ) ) b e the

domain of terms over the signature augmented by , where the partial order is

defined as follows:

(a) and and

□

□

1

1 1

1

1

1

1

1 1

1

Proof

Proof

Proof n

n n n

n

n

n

n

n n

i

i

i

u u

u u

u

u u

u u

u u

u u

u

u u u

u u

′ ′ ⊥ ′ ′ ′ ′

′ ′ ′ ′

′

′ ′ ′ ′

′ ′ ′ ′

′ ′ ′

′ ′

′

′

′ ′ ′

′ ′

′ ′

′ ′ ′ ′ ′

′ ′

′ ′

′ ′ ′

′

′

′ ′

′ ′

′

′

′

′

′ ′

′ ′

′ ′ ′

′ ′ ′

′ ′

′ ′ ′ ′ ′

, . . . , , , . . . , , / . . . , . . . ,

, . . . ,

,

.

, . .

, . . . , , . . . , . . .

. , . . . , .

, . . . ,

, . . . , .

,

.

. . .

. . .

> <

. .

. .

. . .

,

.

∀ ∈ T ∀ ∈ ⪯ ∧ ∧ ⪯ ⇒

⪯

⪯ ⪯ ⪯

⪯ ∀ ∈ ∃ ∈ ⪯

⊑ ⪯ ⪯ ⊆

⪯ ⇒ ≡ ⊑

⊥

⪯

⪯ ∀ ∈ ∃ ≤ ≡ ⊥ ∈

∧ ≡

⇒

≡ ⊥ ≡

≥ ≤

≡ ≡ ⊥ ≡ ⪯ ∧ ∧

⪯ ≡ ⊥

{ | } { |

}

∀ ≤

⇐

⪯ ⇒

⊥

| ≡ ⊥ | ≡

⊥ ≡ ∉

∪ ⇔ ∃ ∧ ∉ ∪

⇔ ∃ ∧ ⇒ ∃ ∧ ∃ ∉ ∪ ∪ { }

⇔ ∃ ∧ ∃ ⇒ ∃ ⇔

| ≡ ⊥ | ≡

⇔ ∃ ∧ ∉ ∪ ⇔ ∃ ∧

⇒ ∃ ∧ ∃ ∉ ∪ ∪ { }

− ⊥ ⪯

⇔ ∃ ∧ ∃ ⇒ ∃ ⇔

⪯ ⇒

⊆ ⇔ ⇒

⊆ ⪯ ∈ ∃ ∈ ⪯ s s s s f n s s s s f s s

f s s

s t s t s s t t

S S

S S e S e S e e

S S S S S S S S

S true S true S S

S S S

S S S

S

L emma 5.1. L et t t b e terms. t t iff u O t w u t w or u

O t t u t u

t

depth t t t t

depth t k k t depth t

k t f t t t t f t t t t

t t t

O t i O t i n O t i O t

i n

i n depth t k

L emma 5.2. L et e e b e two e quations such that e e . Then e e .

n e

n e e t

e e y e y y

V ar e V ar e e x e x x t x V ar e V ar e

x e x x t x e x y x y y V ar e V ar e x

y e x x x y y e y e

n k n

e e t

e x e x x t x V ar e V ar e x e x

x t x e x y x y y V ar e V ar e x

e x n e x e x

y e y x x y y e y e

Pr op osition 5.3. L et S S b e two e quation sets such that S S . Then S S .

soln S S

S soln S soln S S S

soln S soln S S S e S e S e e

(b) Σ. ( )

( )

This order can b e extended to equations: = = iff and

and to sets of equations :

1) iff such that .

2) iff ( ) and ( implies ).

W e note that . Intuitively

, means that either

contains less information than , or if they have the same information, then

expresse s it by less elements.

Define [ [ ] ] = , where the n-tuple of o ccurrence s of in is replaced by an

n-tuple of existentially quantified distinct fresh v ariables in .

The relation b etween the order over terms, equations and sets of equations

and the logical order over terms, equations and sets of equations is stated in the

following lemmata and prop osition.

( ) ( [ ]

( ) [ ] [ ])

.

( ) By structural induction on .

If ( ) = 1, then or .

If ( ) = + 1, 0, and the lemma holds for all such that ( )

, then ( ) and or ( ) and

. Let us consider the second case since the case when is

immediate. Since ( ) = ( ) = 1 and ( ) = ( )

= 1 , then the lemma follows by the inductive hyp othesis, since

= 1 ( ) .

( ) Straightforward.

[ [ ] ] [ [ ] ]

. By induction on the numb er of o ccurrences of in .

Base case. Let = 1. Assume that ( ) and ( ) . Since there

is only one o ccurrence of in then by Lemma 5.1 [ ] [ ] , where

( ) ( ). Thus [ [ ] ] [ [ ( [ ] = )]

] (where ( ) ( ))

( [ ] [

[ = ]

]) ( [ ] = ) (where ( ) ( ) )

( [ ] = ) [ ] [ [ ] ].

Inductive case. Let 1 and assume that the claim holds for . Assume

that ( ) and ( ) .

[ [ ] ] [ [ ( [ ] = )]

] (where ( ) ( )) ([

[ [ ] ] ]

[ [ = ]

]) ([

[ [ ] ]

] = ) (where ( ) ( ) and by

inductive hyp othesis since [ ] contains 1 o ccurrence s of and [ ] [ ] )

([ [ [ ] ]

] = ) [

[ [ ] ] ] [ [ ] ].

[ [ ] ] [ [ ] ]

. Let ( ) denote the set of solutions of the equation set , i.e. the set

of all ground unifiers of . ( ([ [ ] ]) ([ [ ] ])) ([ [ ] ] [ [ ] ]). W e thus show

that ([ [ ] ]) ([ [ ] ]). If then for every s.t. .

□

⋂ ⋂

⋂ ⋂

′ ′ ′ ′

′

( )

1 1

1

1 1 e

i

S i

e

i

S i

e

i

S f S i

e S

n n

i

n i

n n

′ ′ ′ ′ ′

′

∈

′

∈

′

∈ ∩ ∈

⊥

⊥

⊥ ⊥ ′

′

⊥

⊥ ⊥

′ ′

⊥

⊥ ⊥

′ ⊥ ′

A

′

.

, . . . ,

, . . . ,

, . . . , τ

θ , κ κ θ θ κ

, .

τ , τ ,

, γ , γ

℘

γ

τ

τ

, , γ , , γ

℘

γ

τ

τ

, , γ , , γ

℘

γ κ θ

θ κ

. . . . κ , . . . ,

→ ∀ ∈ ⪯

⊇

⊇

{ → → }

∈ ∪ ∪ {⊥}

∈ ⪯ ⇒

≤ ⊆ { ∈ | ∃ ∈ ≤ }

T ∪ ≤ T ∪ ∪ {⊥} ⪯

⟨T T ⟩ T → T { ∈ T | ∈

{ } }

∪

∪ ∪ {⊥}

⟨ ⊑ ≤ ⟩ →

{ ∈ | ∈ { } }

∪

∪ ∪ {⊥}

⟨ ⪯ ≤ ⟩ → { ∈

| ∈ { } }

⊥

⊥

∈ ⊥

⊥

∃ { → ⊥ → ⊥} f S S e S e f e

soln S soln e soln f e

soln e soln e soln S

Definition 5.4. x t x t

i n x V

t t t V

Sub

Definition 5.5.

X Y X upw Y x X y Y y x

Definition 5.6. V V term

description t t t

upw t

Definition 5.7. Eqn V

Eqn V e quation

description Eqn Eqn Eqn Eqn

g g Eqn g upw g g

Definition 5.8. Sub V Sub

V substitution description

Sub Sub Sub Sub

Sub upw

E Eqn E

Definition 5.9. mgu

y y E solve E y y

Thus there exists a function : such that ( ). Then, we

have that

([ [ ] ]) = ([ [ ] ]) ([

[ ( )]

]) (by Lemma 5.2) =

([ [ ] ]) ([ [ ] ]) = ([ [ ] ]).

An abstract substitution is a set of the form

where, for each = 1 , is a distinct v ariable in not o ccurring in any of

the terms and (Σ ). W e define the following preorder

on (abstract) substitutions: let , iff [ [ ] ] [ [ ] ].

Let us intro duce the abstract domain which we will use in our analysis.

upward

Let ( ) b e a p oset and let . Define ( ) = .

W e can now define the term, equation and substitution descriptions. It is easy

to verify that the concretization function asso ciated with each description is mono-

tonic.

Let = ( (Σ ) ) and = ( (Σ ) ). The

is where : is defined by: ( ) =

( ) .

Let b e the set of finite sets of equations over (Σ ) and

b e the set of finite sets of equations over (Σ ). The

is ( ) ( ) , where : is defined by:

( ) = ( ) and is unquantified .

Let b e the set of substitutions over (Σ ) and b e the

set of abstract substitutions over (Σ ). The

is ( ) ( ) , where : is defined by: ( ) =

( ) .

The b ehaviour of the symb ol from a programming viewp oint resembles that

of an “anonymous” v ariable in Prolog. F rom a logical viewp oint, stands for an

existentially quantified v ariable [39, 40]. Thus the unification algorithm has to b e

mo dified accordingly . W e define the abstract most general unifier for an equation

set as follows. First replace all o ccurrenc es of in by distinct fresh

existentially quantified v ariables. Then take a solved form of the resulting quantified

equation set and finally replace the existentially quantified v ariables again by .

F ormally:

(Abstract most general unifier, )

Let = ([ [ ] ]) and = . Then

Λ

⊎

1

1

□

□

□

n

dep

dep

n

dep

Proof

Proof

Proof

A

′

A

A

A A

A A

A A A

′

′

A

′

A

′

A

′ ′

′

A

′

′

′

A

′

A A

R

R R

R

R R

R κ

, , , , ,

, ,

θ . θ

θ θ

θ θ . θ

τ

τ

τ

τ σ

σ σ σ

,

,

,

, . . . , ρ

, , ρ ρ

, . . . , ρ

ρ

{ ⊥ ⊥ }

{ → → ⊥ → }

∀ ∈ ⪯

⇔

∈ ⇒

⪯ ∀ ∈ ⪯

∪

∪ ∪ {⊥} ⇒

∝

⇒ ⇒

⇒ ⇔

∪

∪ ∪ {⊥} ∝

∝

G

R

C F R

G R G

⟨R ∅⟩

⟨∅ G ⟩ ∪

→ ⇐ ∈ R

⟨R G ⟩ − → ⟨R ∼ { } G ∪ { → | ∈ ∧ ∈ F }

∪ { → | ∈ ∧ ∈ ∼ { } ∧ ∈ F }⟩

→ ⇐ R

→ G

R mgu E E

Example 5.10. E f g h z z f x h x g a y g

mgu E x g a y g z g a

Pr op osition 5.11. unif E mgu E .

mgu E solve E unif mgu E

unif solve E unif E unif mgu E mgu E

mgu E unif mgu E mgu E

L emma 5.12. L et g , g b e (unquantifie d) finite sets of e quations over V and

V , r esp e ctively. If g g , then ther e exists mgu g wher e

mgu g mgu g .

mgu g mgu g g g

solve g solve g mgu g

Cor ol lary 5.13. L et g , g b e (unquantifie d) finite sets of e quations over V

and V , r esp e ctively. If g g and ther e exists mgu g , then

ther e exists mgu g wher e .

Definition 5.14.

r f t t C

r f h u O u h

f h e C u O e e u h

f t t C

h C f h

( ) =

Let = ( ( ) ( )) = ( ( ( ))) = ( ) . Then

( ) = ( ) ( ) ( ) .

The following prop osition shows in what sense the abstract mgu is the “most

general” unifier.

([ [ ] ]) ( )

. By Definition 5.9, [

[ ( )]

] ([ [ ] ]), hence ([

[ ( )]

]) =

( ([ [ ] ])) = ([ [ ] ]). Let ([

[ ( )]

]), then [

[ ( )] ],

i.e. ( ) . Therefore, ([

[ ( )]

]) ( ) .

(Σ )

(Σ ) [ [ ] ] ( )

( ) ( )

. W e have to prove that ( ) [

[ ( )]

]. Since [ [ ] ], then

( ) ([ [ ] ]) [

[ ( )] ].

The following corollary expresses the “safety” of abstract mgu.

(Σ )

(Σ ) ( ) =

( ) =

. Immediate from Prop osition 5.3 and Lemma 5.12

The graph of functional dep endencies is constructe d to p erform a simple

lo op check over the function symb ols involved in the term rewriting system as

formalized by the following definition.

Graph of functional dep endenc ies

Let ( ) b e a term rewriting system. The following transformation defines

the directed graph of functional dep endencies induced by . T o build ,

the algorithm starts with and applies the inference rule as long as the

terminal configuration has not b een reached. The symb ol stands for

set union.

= ( ( ) )

¯

( ) [ ] =

(

¯

( ) ) [ ] =

Roughly sp eaking, for each rule ( ( ) ) in and for each

function symb ol o ccurring in or we add an arc to . Note that we

do not need to consider v ariable o ccurrence s of terms since we are only concerned

with basic deriv ations. The termination of the calculus is ensured since the numb er

of reduction rules in is finite and a rule is dropp ed at each step. Clearly if there

is an infinite basic narrowing deriv ation for a given goal, then there is a cycle in the

graph of functional dep endencies . This graph can b e useful to prove the termination

of basic narrowing deriv ations for simple cases as stated by the following:

⊎

⊏ ⊏

⊏

□

Proof

0

0

0

0 0 0

+1 +1

0

+1

+1

R

R

R

R R

′ ′

′ ′ ′ ′ ′ ′ ′

R

R

′ ′ ′ ′

R

R

⊥ p p

i i i

i i

i

mul

mul

mul

i i i i

i

i i

mul i mul i

k

mul

, θ . . . , θ . . . >

, , , ,

<

<

<

< , <

, . <

, θ , θ

, , . <

< <

>

<

,

λ ρ λ ρ

R G

D

G

∈ D

∈ D

G

∈ D

∈ D

⟨ ⟩ ⟨ ⟩

H {⟨ ⟩ | ∈ ∈ }

≥ M

H

M M M M ↔

∃ ⊆ M ⊆ M M M ∼ ∪ ∀ ∈ ∃ ∈

⟨ ⟩ ⟨ ⟩

G

≥ ∀⟨ ⟩ ∈ H ∼ H

≥ M M

M

⊥

G

C F R G

R

R { → ⇐ | → ⇐ ∈ R}

Pr op osition 5.15. L et b e a term r ewriting system, b e the c orr esp onding gr aph

of functional dep endencies and g b e an e quational go al. L et b e the set of

define d function symb ols o c curring in g . If the p aths in starting fr om e ach

f c ontain no cycles, then any b asic narr owing derivation issuing fr om g

terminates.

f m f

f f

f

m f f

g g g p

g e u n e g u O e n m e u

i g

I N M I N

I N M I N I N

X X X X n X n X n n

g g

g

e u

g

i i e u n n m e u

i i

k

M I N

f

f

Definition 5.16. Abstr act term r ewriting system

L et b e a TRS. L et b e the c orr esp onding gr aph of functional de-

p endencies. We define the abstr action of as fol lows:

sh sh C C , wher e the shel l sh s of an

. The pro of is based on a well-founded complexity measure on goals which is

decrease d by narrowing steps. F or , let ( ) denote the maxim al length of the

paths in starting from the vertex , or zero if is an irreducible function symb ol.

Since the paths starting from each have no lo op and the numb er of (distinct)

defined function symb ols is finite, ( ) is finite for all . Let us consider a basic

deriv ation issuing from , 0. W e asso ciate with

each goal in the deriv ation a set =

¯

( ) = ( [ ]) ,

0. W e define the complexity of the goal as the finite multiset of natural

numb ers consisting of the third comp onents of the triples in the set .

Let us define a well-founded total ordering over multiset complexities by

extending the well-founded ordering on to the set ( ) of finite multisets

over . The set ( ) is well-founded under the ordering since is well-

founded under [19, 37]. Let b e multiset complexities.

such that = ( ) and .

¿F rom the definition of basic conditional narrowing, at each deriv ation step

, the selected o ccurrence either comes from the nonv ari-

able o ccurrence s of the equations in or it comes from the right-hand side or

from the condition of a rewrite rule used in a previous step. Let and denote,

resp ec tively

, the selected equation and o ccurrence in . By construction of , for

all , 0, ( ) ( [ ]). Hence, by the definition of

the ordering , it is immediate that for all , 0, . F rom the

definition of conditional basic narrowing, if there is a 0 such that every element

in is 0 then no more narrowing steps are p ossible. Thus, by the well-foundness

of the multiset ordering over ( ), only finite decreasing chains are p ossible

and the narrowing deriv ation terminates.

The following definition represents the core of our algorithm. A term rewriting

system is abstracted by simplifying the right-hand side and the b o dy of each rule.

This definition is given inductively on the structure of terms and equations. Irre-

ducible symb ols are kept, while some of the terms whose main functor is a defined

symb ol are drastically simplified by replacing them by . Note that we do not p er-

form this approximation when for the function symb ol which we consider there

is no cycle in . In this case we can b e more accurate and retain the subterm

originating in .

( )

= ( ) ( ) ( ) ( )

⊥

⊥

⊥

⊏

⊏

⊏

1 1

1 1

1 1

Figure 1.

m m

k k

n n

dep dep

h f g

u u u

Gr aph of functional dep endencies

R

⊥

A A

A

A

A

⊥ ⊥

⊥

⊥ ⊥

A

R

A

R

⊥ ⊥

′ ⊥ ′

A

R

′

⊥ ′ ′ ′ ′

A

′

∈

∈ C

∈ F

G

⊥

R

R R

→ →

R { → R { →

→ →

→ → ⊥

⇐ ⇐

→ } → }

R

⊆ ×

∈

∃ → ⇐ R ⟨ ⟩ ⟨ ⟩ ∼

{ } ∪ { } ∪ ∈ ∈ | ≢ ⊥ { | }

, . . . , , . . . , ,

, . . . , , . . . , ,

, . . . , , . . . ,

. . .

. .

. .

. .

. .

,

,

λ ρ < < , κ , κ

ρ σ κ λ

κ κσ expr ession s is define d inductively

sh s x if s x V

c sh t sh t if s c t t c

f sh t sh t if s f t t f and ther e is no cycle

in starting fr om f

sh l sh r if s l r

sh e sh e if s e e

otherwise

Example 5.17.

f f

r h X f X r h X f X

r f r f

r f c X c f X r f c X c

g X X g X X

r g c X c X r g c X c X

Definition 5.18. TRS State

Eqn

Sub abstr act (b asic) narr owing State

State State

t t State abstr act (b asic) narr owing t t

t t

C t g t g g g

e e C e g u O e e mgu e

( ) =

=

( ( ) ( )) = ( )

( ( ) ( )) = ( )

( ) = ( ) = ( = )

( ) ( ) =

Note that a corresp onding concretization function for abstract term rewriting

systems can b e easily defined [6].

Let us consider the following level-canonical TRS and its ab-

straction . W e depict in Figure 1 the dep endenc y graph built from . There

is a cycle: in the graph.

= 1) ( ) ( ) = 1 ) ( ) ( )

2) (0) 0 2 ) (0) 0

3) ( ( )) ( ( )) 3 ) ( ( )) ( )

( ) = ( ) =

4) ( ( )) ( ) 4 ) ( ( )) ( )

In [6] we prop ose a generic technique of lo op detection and a notion of abstract

term rewriting system which is parametric w.r.t. a lo op check. W e also instantiate

our construction with another, more accurate, lo op check.

In the following we formalize the idea that abstract narrowing reduction ap-

proximates (basic) narrowing reduction with abstract states, abstract unification

and abstract term rewriting systems replacing concrete states, unification and term

rewriting systems.

Let b e an abstract , and the abstract state do-

main induced by the equation description and the substitution description

. W e define as a transition system ( )

whose transition relation is defined as follows.

Let . There is an reduction from to ,

and we write , iff:

1) ( ) such that = and = where = (

) [ ] , ,

¯

( ), , = ( ( ) = ) and

= ; or,

Proof

⊏

⊏ ⊏

⊏ ⊏

⊏

⊥

⊥ ⊥

⊥ ⊥

⊥

0 0 1 1

+1 +1

1 n n

j j

j j

i i i i

i i

k i i

A

′

′

⊥

⊥

A

A

A

A

A

A

A

R

⊥

⊥

′ ′

A

R

′ ′

A

R

A

R

′ ′

A

R

′ ′

A

R

′ ′

′ ′ ′ ′

′

′

, κ σ κ , κσ

. .

. .

. .

. .

. .

. .

, θ , θ . . .

, θ . . . >

, θ

, θ , <

, κ

, θ , θ , θ

. . . . , θ

⟨ ⟩ ⟨ ⟩

R

R

R { R {

→ →

→ →

→ →

⇐ ⇐

→ →

→ → ⊥

→ } → }

R

D R

⟨ ⟩ ⟨ ⟩

⟨ ⟩

⟨ ⟩

⟨ ⟩ ≤

⟨ ⟩

D

⟨ ⟩ D ⟨ ⟩ ⟨ ⟩

∃ ∃ ⟨ ⟩ ≤ ≤

⊥ t g mgu g t true

t t

Example 5.19.

r h s r h s

r h c r h c

r h f X X r h f X X

g X X g X X

r f c r f c

r f c X c f X r f c X c

r g r g

h f Z s

Pr op osition 5.20. (T ermination of the analysis) L et b e a TRS. The abstr act tr an-

sition system for , state s and State has a finite numb er of no des.

s

s g g

g n

g

g j n

true

g g g

y y g i n r r

r r

2) = , = ( ) and = ; or,

3) = .

W e note that Rule (3) in Definition 5.18 is only necessary b ecause in Definition

4.1 we require that every concrete transition is approximated by an abstract transi-

tion. Since in our construction the abstract calculus in general contains less redexes

than the concrete one, we have to add this generic rule.

W e give an example that illustrates the definitions ab ove.

Let us consider the following level-canonical TRS and its ab-

straction .

= =

1) (0) (0) 1 ) (0) (0)

2) ( (0)) 0 2 ) ( (0)) 0

3) ( ( )) 3 ) ( ( ))

( ) = ( ) =

4) (0) (0) 4 ) (0) (0)

5) ( ( )) ( ( )) 5 ) ( ( )) ( )

6) (0) 0 6 ) (0) 0

There is an abstract narrowing reduction that approximates each basic nar-

rowing reduction from a given goal. The corresp ondence is most clearly seen in a

diagram. Figures 2 and 3 depict the search tree of basic narrowing and abstract ba-

sic narrowing for the (unsatisfiable) equation ( ( )) = (0). Let us note that the

unsatisfiability of the equation cannot b e determined either using metho ds based

on lo op-checking [15, 47], unification rules [14, 25], op erator joinability [22], eager

normalization [2, 22] or by abstract rewriting [11].

The following prop osition shows that our analysis terminates.

. Let b e the following abstract narrowing deriv ation for and state

(i.e. a path starting from the source of the graph): =

, 0. W e have to prove that the numb er of (different)

states in the deriv ation is finite. W e can assume that each transition

0 , has b een proven by applying Rule (1) of Definition 5.18,

as this suffices to prove the claim. In fact, Rule (3) do es not lead to any different

state, and Rule (2) leads to states of the form which cannot b e further

reduced.

Let us assume, by contradiction, that the deriv ation ab ove do es not terminate.

W e asso ciate with each abstract state in a state where [ [ ] ] =

, 0 . Define [ [ ] ] = , where the n-tuple of o ccurrence s of

in is replaced by a n-tuple of distinct fresh v ariables in . W e define the term

. . .

× ×

∞

×

× × ×

Figure 2.

Figure 3.

Basic narr owing

Abstr act b asic narr owing

, , / , /

, , / , /

,ϵ

, /

, / , / , /

, /

,ϵ

, , /

, , / , /

, /

, / , /

X s X Z X

X s g X X Z X h c f X s Z c X h f Z s

h c s Z

s Z h c c s Z c X

h c s Z h f Z s

X s g X X Z X

X s X Z X h c s Z c X

s Z s Z c X

⟨{ } { }⟩

⟨{ } { }⟩ ⟨{ } { }⟩

⟨{ } ⟩

⟨{ } { }⟩

⟨{ } { }⟩ ⟨{ } { }⟩

⟨{ } { }⟩

⟨{ } ⟩

⟨{ } { }⟩

⟨{ } { }⟩

⟨{ ⊥ } { }⟩

⟨{ } { }⟩ ⟨{ } { }⟩

= (0) 0= 0 0

= (0) ( )=

( ( ( )))= (0) ( )

( ( ))= (0)

( (0))= (0) 0

0= (0) 0 ( ( (0)))= (0) (0) 0

( (0))= (0) 0

( ( ))= (0)

= (0) ( )=

= (0) 0= 0 0

( ( ))= (0) ( )

0= (0) 0 0= (0) ( )

1

2 λ ρ

ρ λ

→ ⇐ ∈

⊈

⊏ ⊏ ⊏ ⊏

□

⊏

1

0 0 1 1

2

1

C T

V ar V ar

f

A A A

R R R R

A

R

T

n n

u

u

u

u

n

u

5.2. Non-unifiabil ity Analysis

, θ , θ . . . , θ . . . >

,

, . . . , , . . . , ρ .

, ϵ

,

,

{ | ∈ R }

G

⟨ ⟩ ⟨ ⟩ ⟨ ⟩

R R R

R R R

R { ⊥ ⊥ → ⊥ | → ⇐ ∈ R}

R

⟨{ } ⟩

R { ⊥ → ⊥ ⊥ →

⊥ ⊥ → ⊥}

W e note that the rules ( ) do not satisfy the condition of non-extra v ariables

in the right-hand-side of the rules, i.e. ( ) ( ).

W e assume that has the same arity as the abstracted function symb ol.

T r r T

s g g g n

T s

op er ator joinability

failur e rule

de c omp osition

rule

unifiability

Definition 5.21. Abstr act term r ewriting system

L et b e a TRS. We define the abstr action of as fol lows:

f f t t C

non-unifiability

Example 5.22.

s s f Y c Y

non-unifiability h f

g s rewriting system = [ [ ] ] . By construction of , it is clear that the

graph of functional dep endencies do es not contain any cycle. W e can easily prove

that the sequence = , 0, is

a basic narrowing deriv ation for TRS and state . Hence, by Prop osition 5.15,

this deriv ation terminates, which yields the required contradiction.

In equational logic programming different strategies to detect equational un-

satisfiability have b een previously prop osed. The distinction b etween defined and

irreducible function symb ols has b een proven to b e extremely useful for recognizing

failures. The analyses in [14, 23, 24, 25, 35] basically exploit the idea that two terms

whose outermost functors are different irreducible symb ols cannot b e unified. In

[2, 30] an additional term rewriting rule is used to strengthen the analysis and fur-

ther simplify the equations. The notion of in [22] provides the

basis for another metho d to detect the unsolv ability of an equation set. In the fol-

lowing we formalize these standard metho ds following the approach of abstracting

transition systems.

This metho d essentially relies on the application of two of the rules of the standard

unification algorithm [9] which get restricted to deal only with irreducible symb ols;

namely

, two terms which are headed by different irreducible symb ols cannot b e

unified ( ) and, when headed by the same irreducible function symb ol,

they are equal if, and only if, their resp ective arguments are equal (

) [2, 14, 30, 32]. These rules can b e built in within the (equational) unification

algorithm, automatically generated and added to the equational theory [35], or

handled as ‘eager’ reduction rules as describ ed in [21, 25]. In the following we show

that this metho d can b e formalized in our framework and that the corresp onding

analysis is less precise than the one which we have defined in Section 5.1.

W e need not establish here any different domain of descriptions, since this anal-

ysis can b e carried out in the same way describ ed by Definition 5.18, except for a

different approximation to the TRS . W e call this new abstraction of as

formalized in the following definition and denote by the resulting reduction

relation, which we call reduction.

(Σ )

= ( ) ( ( ) )

The following example illustrates how the analysis works.

Consider the TRS from Example 5.19 with initial state

= ( ( )) = ( ) . In Figure 4, the abstract transition graph on the

right describ es the analysis for = ( ) ( )

( ) and (initial state) . The left graph represents the corresp onding

⊏

□

⊏

Proof

Figure 4.

,ϵ

, / , /

,ϵ

,ϵ

analysis analysi s s f Y c Y

s c c Y Y s c c Y Y c X s f Y c Y

s c Y

u

m m

n n

, κ

, . . . , , . . . , ,

, . . . , , . . . ,

, ϵ

, ϵ

, ϵ

, ϵ

⟨{ } ⟩

⟨{ } { }⟩ ⟨{ ⊥ } { }⟩

⟨{ } ⟩

⟨{ ⊥ } ⟩

A

R

⊥

A

∅

⊥

( ( ))= ( )

( (0))= ( ) 0 ( ( ))= ( ) ( )

( ( ))= ( )

( )= ( )

1 1

1 1

Abstr act (b asic) narr owing vs. non-unifiability

× × ×

⟨ ⟩

R

| |

⊥

| |

∈

| | | | ∈

| | | |

| | | |

⊥

R

⟨ ⟩

⟨ ⟩ | |

⟨ ⟩

| |

E

⟨| | ⟩

E abstr act (b asic) narr owing

true

Pr op osition 5.23. (T ermination of the analysis) L et b e a TRS. The abstr act tr an-

sition system for , state s and State has a finite numb er of no des.

s

shel l

s x s x V

c t t s c t t c C

l r s l r

e e s e e

non-unifiability

g

true g

true

g

The or em 5.24. L et b e a level-c anonic al Horn e quational the ory. If the abstr act

tr ansition system for , state g and State is finitely faile d then g is

unsatisfiable in .

non-unifiability analysis of ours. Both analyses show the unsatisfia-

bility of the equation since none of the graphs contain any leaves of the form

.

. Immediate, since the numb er of function symb ols in is finite and (at

least) one function symb ol is dropp ed at each deriv ation step.

W e present now an alternative characterization of the non-unifiability analysis.

Let us define the function , a slight v ariant of the function in Definition 5.16,

which assigns to any expression (term, or equation, or equation set) an approxima-

tion of it (in the sense of Definition 5.7) which is obtained by inductively replacing

by any term whose outermost functor is not an irreducible symb ol, i.e.,

= if =

( ) if = ( )

= if = ( = )

if =

otherwise

F or analyses it is immediate to see that, for any program

with initial state , the asso ciated transition graph has a single leaf, which is

either or contains a non-unifiable set of equations which coincides with .

Redundancy in the graph is avoided by collapsing all no des, except for ,

in the source of the graph. This is easily obtained by taking as the source of

the graph. The correctne ss of this metho d, as stated by the following theorem, is

straightforward.

The following analysis is based on the idea that more precision may b e achieved

by firstly reducing unificands up to their irreducible form and then applying the

analysis to the resulting expression [2, 22].

Figure 5.

analyses

Eager normalization

,ϵ

, /

, /

,ϵ

,

,ϵ

,ϵ

,ϵ

,

, , /

, , /

,

5.3. Eager Normalization Analysis

,

λ ρ < < , κ , κ

ρ κ λσ κ κσ

, κ σ κ , κσ

, κ κ , κ

, ϵ

, ϵ f c Y c

c f X c X Y

c c X Y

true h f s

h c s

s

X s g X X X

X s X X

u u

× ×

R

− → ⊆ ×

∈ − →

∃ → ⇐ R ⟨ ⟩ ⟨ ⟩ ∼

{ } ∪ { } ∪ ∈ ∈ | ≡

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ⟨| | ⟩

R

R ⟨{ } ⟩

⟨{ } ⟩

⟨{ } ⟩

⟨{ } { }⟩

⟨{ ⊥ } { }⟩

⟨ ⟩

⟨{ } ⟩

⟨{ } ⟩

⟨{ } ⟩

⟨{ } { }⟩

⟨{ } { }⟩

A

R

⊥ ⊥

′ ⊥

A

R

′

′ ′ ′ ′

′

A

′

′

′

( ( ))= (0)

(4)

(1)

( ( ))= (0)

(4)

(3)

( )= (0)

(4)

(2)

(2 4)

( (0))= (0)

(4)

(1) (1)

( (0))= (0)

(4)

(1)

0= (0)

(3 4)

= (0) ( )= 0

(4)

(1)

= (0) 0= 0

(3 4)

Definition 5.25. TRS Eager normalization

State State

t t State t t

C t g t g g g

e e C e g u O e e

t g mgu g t true

t g t g t

t t

e ager normalization

Example 5.26. e ager

normalization f c Y c

h f s

h f s

f c Y c non-unifiability

e ager normalization

non-unifiability

non-unifiability

Let b e a . reduction is a relation

, defined as follows.

Let . iff:

1) ( ) such that = and = where = (

) [ ] , ,

¯

( ), ( ) and = ; or,

2) = , = ( ) and = ; or,

3) = , = and rules (1) and (2) do not apply to ; or,

4) =

Some example analyses based on are now given.

Consider again the TRS from Example 5.19. Applying the

analysis for with the initial states ( ( )) = (0) and

( (0)) = (0) resp ec tively results in the graphs which are depicted in

Figure 5. F or the sake of simplicity

, the numb er of the rule which proves each

transition lab els the corresp onding edge. The analysis on the right proves the

equation ( (0)) = (0) to b e unsatisfiable. The analysis on the left do es not

detect the unsatisfiability of ( ( )) = (0). W e note that the

analysis would not recognize the unsatisfiability of b oth equations.

It is imm ediate to see that the analysis is strictly more p ow-

erful than the analysis, in the sense that it is able to recognize any

failure that the latter do es. Of course, earlier detection of failures may b e p ossible

by testing the no des of the graph for b efore carrying on with the

normalization, as in [30]. Efficiency can also b e gained by making “deterministic”

rewriting (leading to no branching in the search tree) instead of “nondeterministic”

rewriting (leading to branching in the search tree), as in [2]. W e note that TRS’s are

required to b e decreasing [20, 42], since this is essential to ensure the termination

of the analysis.

□

Proof

A

R

⊥

⊤

⊤

⊤ ⊤

⊤

⊤ ⊤

′ ′

′ ′

⊤

⊤

⊤ ⊤

5.4. Non-Joinability Analysis

,

, ϵ

τ , ,

, γ , γ

℘

γ

τ ,

, , γ , , γ

℘

γ

γ

ϵ

, γ , γ γ ϵ

R { → →

} ⟨{ } ⟩

R

− →

R

R

∉

{ | ∈ }

T ∪ ≤ T ≤

⟨T T ⟩ T → T { ∈ T | }

∪ ≤

⟨ ⊑ ⊑ ⟩ →

{ ∈ | ⊇ }

⇒ ≡

{ }

⟨ ≤ ≤ ⟩ → { } abstr act (b asic) narr owing e ager normalization

Example 5.27. g X g s X

g X s g Y

g Y s e ager normalization abstr act (b asic) narr owing

Pr op osition 5.28. (T ermination of the analysis) L et b e a de cr e asing TRS. The

abstr act tr ansition system for , state s and State has a finite numb er of

no des.

f t g s

f g

joinable

top t

t t V t C top C

top t top s t s C

Definition 5.29. V term description

f t top t f

Definition 5.30. Eqn

V Eqn

Eqn Eqn Eqn

Eqn g g Eqn top g g

g true g true

Eqn

Definition 5.31. Sub substitution description

Sub Sub Sub Sub Sub

Also note that the and the anal-

yses are not comparable in the sense that they do not subsume one another. It

would b e worth investigating how to integrate the abstract basic narrowing anal-

ysis and the eager normalization analysis, (i.e. how to approximate normalizing

basic narrowing [30, 44, 46]) in order to define more accurate analyses.

Consider the level-canonical TRS = ( ) 0 ( ( ))

( ) with initial state = ( ) = 1 . The unsatisfiability of the equation

( ) = 1 in is detecte d by while

do es not detect it.

. Immediate from the fact that, for decreasing conditional rewriting sys-

tems with finite numb er of rules, the rewrite relation and the set of normal forms

are recursive [19, 37, 42].

Let us now formalize the analysis of unsatisfiability in [22] in the framework

presente d in this pap er.

In the following we extend the analysis of unsatisfiability in [22] to handle condi-

tional TRS as well. Let b e a TRS and (

~

) = (~) b e one of the equations to

b e tested for unsatisfiability

. The test in [22] can b e thought of as the detection

of the fact that the outermost function symb ols and in the equation are not

using the reduction rules of an abstract term rewriting system that we

describ e in the following. The descriptions of terms in this analysis are extremely

simple, just function symb ols. Let ( ) denote the outermost function symb ol of

the term if , otherwise. By abuse, if is a set of equations, ( ) is the

set of equations ( ) = ( ) ( = ) .

Let = ( (Σ ) ) and = (Σ ). The

is where : is defined by: ( ) = ( ) =

Let b e the set of (unquantified) finite sets of equations over

( (Σ ) ) and b e the set of (unquantified) finite sets of equations

over Σ. The equation description is ( ) ( ) , where :

is defined by: ( ) = ( ) .

In the ab ove definition ( ) = . Also note that, whenever the

alphab et Σ is finite, then so is .

Let = . The is

( ), ,( ) , where : is defined by: ( ) = .

⊤

⊤

1 1

1

1 n n

n

n

u u

⊤

⊤

A A

A

⊤

A

⊤

⊤

⊤

⊤

⊤

⊤ ⊤

⊤

⊤

A

R

⊤ ⊤

′ ⊤

A

R

′

′

⊤ ′ ′ ′

′

′

⊤

⊤

,

ρ

ρ

ρ

σ

σ , . . . ,

, . . . ,

, . . . ,

ρ ρ σ .

,

, .

, .

, , .

, , .

, , .

, , .

, .

⇀

, ⇀

λ ρ < < , ϵ , ϵ

ρ λ

, ϵ , ϵ

,

,

,

, , ,

, ϵ

R R R

R { | ∈ ∧ ∈ R}

∈ ⇔ → ⇐ ∧

≢ ∧

→ ⇐ ∧

∧

{ → → } ∧

{ } ∧

∈ ∧

∈ ⇒ ≢

R { → ⇐

} R R

R { → ⇐

→ ⇐

→ ⇐

→ ⇐

→ ⇐

→ ⇐ }

R

R

⊆ ×

∈

∃ → ⇐ R ⟨ ⟩ ⟨ ⟩ ∼

{ } ∪ { } ∪ ∈ ∈ |

⟨ ⟩ ⟨ ⟩

R { → →

→ ⇐ }

R { → → ⇐

→ ⇐ → ⇐ → ⇐ }

⟨{ } ⟩

R

Definition 5.32. Abstr act term r ewriting system

L et b e a TRS. We define the abstr action of as fol lows:

r r abs r r , wher e

r abs r r f t C

top f

r f top top C

r r

x f x f

x x V ar r

f f

top V top f

Example 5.33. g f X X g X X f X

Z g Z

g g f

g g f g g g

g g f f g f

g f g f f g

g f g f f g g g

g f g f f f

joinability

Definition 5.34. TRS State

Eqn

Sub Joinability State State

t t State t t joinability

t t

C t g t g g g

e e C e g u O e e

t g g t true

t t

Example 5.35. h g Y h Y f

f c X X g X X f Z h W

f f g

f c g c f g g g f h g h

f h f h f Z h W

f g

(Σ )

= ( )

( ) = ( (

~

) )

( )

= ( ( ) ( ))

=

=

= ( )

Σ

( ( ) ( ) )

Consider the TRS = ( ( )) ( ) = ( ) =

(0) = . Then the abstraction of is the set of rules:

= 0 = 0 = 0

0 = 0 = =

0 = 0 = =

= = 0 = 0

= = =

= =

In the following we define in terms of an appropriate abstract reduction

relation for abstract TRS .

Let b e an abstract , and b e the abstract state

domain induced from the equation description and the substitution de-

scription . reduction is a relation ,

defined as follows.

Let . (we also say that there is a reduction from

to ) iff:

1) ( ) such that = and = where = (

) [ ] , , ( ) and = ; or,

2) = , syntactically unifies and = ; or,

3) =

Consider the level-canonical TRS = ( ( )) ( ) (0)

0 ( ( )) ( ) = and the equation ( ) = ( ). The graph

at the top of Figure 6 describ es the analysis for = 0 0 =

0 = = = with initial state

= , where = approximates ( ) = ( ). The analysis shows

that the equation is unsatisfiable. Consider now the equation (0) = (0). The

graph at the b ottom of Figure 6 describ es the analysis for with initial state

□

⊤

, ϵ

⇀

Proof

Figure 6.

analyses

Non-joinability

× × × × ×

× × × ×

⟨{ } ⟩

R

R

R

=

0= 0= =0 = = = = = =

=

0= 0= =0 = = = = =

,ϵ

,ϵ , ,ϵ , ,ϵ , ,ϵ , ,ϵ

,ϵ

,ϵ , ,ϵ , ,ϵ ,ϵ

,ϵ

, ,ϵ f h

h h g c h g c g h g g h h g h

f g

g g g c g g c g g

true h g g h

⟨{ } ⟩

⟨{ } ⟩ ⟨{ } ⟩ ⟨{ } ⟩ ⟨{ } ⟩ ⟨{ } ⟩

⟨{ } ⟩

⟨{ } ⟩ ⟨{ } ⟩ ⟨{ } ⟩ ⟨{ } ⟩

⟨ ⟩

⟨{ } ⟩

⊤

⊤

A

R

⊤

⊤ ⊤ f g f g f g

Eqn

join-

ability

Pr op osition 5.36. (T ermination of the analysis) L et b e a TRS. The abstr act tr an-

sition system for , abstr act state s and State has a finite numb er of no des.

Eqn State

non-joinability

Example 5.37.

f Z h W abstr act

(b asic) narr owing e ager normalization

non-joinability

c c Z c g W

non-joinability

non-unifiability f g

non-joinability e ager normalization

= , where = approximates (0) = (0). The analysis do es not

detect the unsatisfiability .

It is imp ortant to note that the abstract TRS may not b e terminating even

if the concrete TRS is. In fact, it is easy to note that Rule (1) from Definition 5.34

can b e applied infinitely many times when reducing a set of equations. However,

since is finite, then the numb er of p ossibly different states in the abstract

deriv ation is also finite. In order to cut lo ops when exploring the no des of a

transition graph, it is sensible to use some simple lo op-checking technique

which takes into account (a part of ) the history of the computation of the graph to

compare states in the abstract deriv ations. If two states in a deriv ation are detected

to b e equiv alent, the deriv ation can b e safely pruned.

. Immediate from the fact that is finite and hence is also

finite.

The following example demonstrates the fact that the analysis of

is able to recognize unsatisfiability of equations in cases where the other metho ds

do not and vice versa.

Consider the TRS from Example 5.35. The unsatisfiability of

the equation ( ) = ( ) is not recognized by applying either the

analysis or the analysis. Instead, the

analysis of do es detect the unsatisfiability of the equation. On the

other hand, the unsatisfiability of the equation ( ( )) = ( ( )), which is not

decided by the analysis of , can b e recognized by simply applying

the analysis. The unsatisfiability of the equation (0) = (0) is

not detected by but it is decided by .

□

Proof

6. CORRECTNESS OF THE ANAL

YSES

AN NU EN NJ

AN AN AN

AN

AN AN

AN NU EN

NJ

′

′ ′ ⊥

′ ′ ′ ′ ′

′ ′

A

′ ′

′ ′ ′ ′

′ ′

′ ′ ′ ′ ′ ′

′ ′ ′

′ ′ ′ ′ ′ ′ ′

′ ′ ′ ′

R { → →

→ → }

∝ ∝ ∝ ∝

∪

∪ ∪ {⊥} ∈ ∈ ∩

∅ ∩ ∅ ∝ ∝ ∝

∝

∧ ∝ ∧

⇒ ∝ ∝

⇒ ⇒ ⇔ ∧ ∩ ∅

⇒ ∧ ⇔ ∩ ∅

∧ ⇒ ∧ ∝

∝ ⇒ ⇒ ∧ ⇒ ∧ ⇔ ∧

⟨ ⟩ ⟨ ⟩ ∝ ∝ ∝ ∝ ∝

∝

, , , , , , ,

,

,

/ / /

, τ

τ θ , σ θ , σ θ

σ θ σ θ θ σ σ

θ σ θ σ

θ θ

θ σ θ σ θ θ σ σ

θ θ σ σ θ σ θ σ θ σ

θ σ θ σ θ σ

θ θ

θ θ θ θ θ θ θ

, θ , θ / /

/

Example 5.38. f d a d X

b X X b d Y b f Y b f X Y b X f Y

a f b V

b V E

a b

d X f d X

L emma 6.1. L et g g b e (unquantifie d) finite sets of e quations over V and

V , r esp e ctively. L et Sub and Sub , wher e Dom

Dom and Dom Dom . If , , g g ,

then

1)

2) mgu g mgu g

Dom Dom

Dom Dom

g g g g

g g g g g

L emma 6.2. L et s g , s g and s s (wher e

).

All these three metho ds are thus complementary since they do not subsume one

another. Some enhanced test may b e develop ed by prop erly combining them. This

can prove useful to strengthen the construction of the dep endenc y graph of ours to

achieve more accurate approximations. There is therefore much ro om for gaining

precision when analizing the unsatisfiability of a set of equations. The following

example, which is mainly b orrowed from [22], outlines this fact.

Consider the level-canonical TRS = (0) (0), ( ( ))

( ) ( (0) ) (0 ( )) ( ( ) ) ( ( )) and the equa-

tion ( (1)) = ( 0). Narrowing pro duces infinitely many nonsubsuming equa-

tions when considering ( ), which prevents the use of any lo op-checking

strategy we are acquainted with to prune the tree. The unsatisfiability of this

equation cannot b e determined either using any of the analyses develop ed b e-

fore. Some enhanced analysis could detect the fact that the only way for a term

headed by to join a term headed by is for the argument of the former to

reach the form ( ), whereas the resulting equation (1) = ( ) may easily b e

proven unsatisfiable using the approximated narrowing of ours.

In the following we prove the correctne ss of the analyses which we have formalized

so far. Our metho d allows to prove the theorems in a simple way

, by making use

of Theorem 4.6, proving a simple lemma which dep ends on the sp ecific analysis.

In order to prove Lemma 6.3 we need to prove some useful technical prop erties

first. Let us denote by the approximation relation

defined in the previous section over the states of the Abstract Narrowing/Non-

Unifiability/Eager-Normalization/Non-Joinability analysis, resp ectively .

(Σ )

(Σ ) ( )

( ) = ( ) ( ) =

( ) ( )

.

1. W e have to prove that [ [ ] ]. Since and , then

[ [ ] ] and [ [ ] ]. Hence (since ( ) ( ) = )

[ [ ] ] [ [ ] ] [ [ ] ] (since ( ) ( ) = ).

2. By Lemma 5.12 it suffices to show that [ [ ] ]. Since and

then [ [ ] ] and [ [ ] ]. Thus [ [ ] ] [ [ ] ] [ [ ] ].

= = =

′

Λ

⊏

⊏

□

Proof

Proof

Abstract Basic Narrowing Analysis

Non-Joinability Analysis

AN NU EN NJ

u t t

u

t t

t

u

t

u u

t u t

t

t

t

u t u

t

t t

AN NU EN NJ

AN NU EN NJ

AN

u

u

u u u

R

′ ′ ′ ′

′

R

′ ′

′ ′ ′ ′

′

′ ′ ′ ′

′

′ ′

′ ′ ′

′ ′ ′

′ ′

′ ′ ′

′ ′

′

′ ′ ′ ′ ′

′

′

′ ′ ′

′

′ ′ ′

′ ′ ′ ′

′ ′

′

A

′

A

′

A

′

A

′

′ ′ ′ ′

′

A

′

/ / /

ρ , θ σ , θ

, , λ ρ < < , σ θ λ

θ θ

ρ

< ρ

ρ

θ θ θ θ θ θ θ σ θ σ θ

σ θ σ θ θ θ

, ,

γ γ

ρ ρ

θ θ θ ϵ θ θ σ θ

/ / /

/ / /

, θ , κ κ θ

, θ σ

σ θ κ θ θ κ

θ κ θ

κ κ κ κ κ

θ θ θ θ σ

ρ , θ σ λ ρ < < σ

θ λ

∈

∈ ̸∃ ∈ ∝ ∈

∝ ∝ ∝ ∝ ∝ ∝

⟨ ∼ { } ∪ { } ∪ ⟩ ⟨ ⟩

∈ ∈ → ⇐ R { | }

∝ ∝

•

∝ ∈ ∝

̸∃ ∈ ∝ ∈ ∝ ∼

{ } ∼ { } ⊆ ∼ { } ∪ { } ∪

∝

∃ ∈

∝ ∉ ∈ ∉

| ≡ ⊥ ∈ { }

∼ { } ∪ { } ∪ ∈ { } ∝

∝ ∝ ⇒ ∧ ∩

∅ ⇒ ∝

• ∉ ̸{ }

∝ ∝ ⇒ ∈ { ∈ | ⊇ }

∝ ∼ { } ∪ { } ∪

⊇ ⊇

∝ ∝

∝ ∝ ∝ ∝ ∝ ∝

∝ ∝ ∝ ∝ ∝ ∝

∝

⟨ ⟩ ⟨ ⟩ ∝ ∝ ∝

⟨ ⟩

∝ ∝ ⇒ ⇒

∧ ⇒ ∧ ∧

∧ ∘ ⇔ ∧ ∧ ∝

∧ ⇔ ∘

⟨ ∼ { } ∪

{ } ∪ ⟩ ∈ ∈ → ⇐ R

{ | }

∈ ∝ ∈

| ∝ | { |

Assume that s t (by a narr owing step) wher e u O e is the o c curr enc e

in e g sele cte d for this r e duction. If e g such that e e and u O e

then s t (wher e ).

s t t g e e C g

e g u O e C mgu e

g g

g g e g e e

e

e g e e u O e g g

e g e g e e C

g g

e g

e e u O e u O e u O e

e u u e upw e

g g e e C upw g g g

Dom

Dom

Eager Normalization Non-unifiability

u O e u

g g g g g g g g Eqn top g g

g g e e C g top e top e

top g top g g

L emma 6.3. L et s s (wher e ). If ther e is a (b asic)

narr owing r e duction fr om s to t , then ther e is an r e duction

fr om s to some t such that t t (wher e ).

s g s g s s g g

t true

mgu g g g g g

g g mgu g

mgu g mgu g mgu g mgu g

mgu g mgu g

t g e

e C e g u O e C

mgu e

e g e e u O e

e e mgu e

¯

( )

¯

( )

=

. Assume that where = ( ) [ ] = ,

¯

( ) ( ) = ( ( ) = ).

W e have to prove that and .

:

( ) There are two cases. Either there do es not exist such that

or there exists one such . Let us consider the former case first.

Assume that such that and

¯

( ). Then (

) and, since ( ) ( ) [ ] then, by Definition

5.7, .

Let us consider the second case now. Thus, assume that such

that . Then

¯

( ) and

¯

( ). Since

¯

( ), then (by

Lemma 5.1) ( ) , where . Hence [ ] ( ) and

= (( ) [ ] ) ( ), that is .

( ) Since then [ [ ] ]. Moreover, = since ( )

( ) = . Thus [ [ ] ], i.e. .

The cases of and are completely simi-

lar, since the descriptions of terms, equations and substitutions are the same.

: Note that if

¯

( ) then = 1 2 .

( ) Since = ( ) and ( ) = ( )

then (( ) [ ] ) = , since ( ) = ( [ ] )

and ( ) ( ) .

( ) = . Hence = .

The following lemma essentially states that abstract (basic) narrowing reduction

approximates (basic) narrowing reduction.

=

abstract narrowing

=

. W e only prove the case of , since all the other cases are trivial. Let

us assume = and = . Since , then and . There

are two cases to consider.

1. Assume that BCN unification rule has b een applied. Then = ,

where = ( ). Since and then [ [ ] ] and [ [ ] ].

Thus, [ [ ] ]. Hence, if there exists ( ) then there exists

( ) and [

[ ( )] ] [ [ ( )]

], where ( )

( ) (by Lemma 6.1(2)) ( ) = .

2. Assume that BCN narrowing rule has b een applied. Then = ( )

[ ] , where ,

¯

( ), ( ) and =

( ( ) = ). W e consider two cases.

(a) Assume that there exists , and

¯

( ). Thus it is imme-

diate that ( ) ( ). By Lemma 6.1(2), there exists ( ( ) =

3

3

⊥

⊥ ⊤

⊏

□

⊏ ⊏ u u

u u

u

u

T

u

7. INCREMENT

AL EQUA

TIONAL ANAL

YZER

A A

′

A

′

A

′

A A

A A

′

′ ′ ′

A

′

′ ′ ′ ′

A

R

A

A

R

A

R

A

R

A

R

′ ′

⊥

⊥

⊥ λ κ λ θ θ θ λ θ σ

σ κ λ θ σ λ κ

κ λ κ κ σ κσ κ

σ κσ θ σ

ρ , κσ

ρ ρ

⇀ , ϵ

, ,

, κ

, ,

∧ } ∝ { | ∧ } ⇔ ∘ { | }

{ | } ⇒ { | ∧ }

⇔ { | ∧ } ⇔ ∧ ⇔ ∩

∅ ∝

⟨ ∼ { } ∪ { } ∪ ⟩

∝ ∝ ∝

∈ ∝ ∈

E

→

− → ⟨ ⟩ ∝

E

N C N C

R N C S

⟨ ⟩ ∈ S

⟨ ⟩

R ⟨⟩

• N C

By Definition 4.2 the (standardised apart) clause renaming which is chosen for abstract

reduction is irrelev ant since we always get an element in the same equiv alence class. W e thus

assume for the sake of simplicity that the clause renaming chosen for the abstract narrowing

reduction is the same as in the (basic) narrowing reduction.

mgu e mgu e

mgu e mgu e

mgu e Dom

Dom t

g e e sh sh C

sh sh C C t t

e g e e u O e

t t

Cor ol lary 6.4. (Corr e ctness of the analyses) L et b e a level-c anonic al Horn e qua-

tional the ory and g an e quation set. If the abstr act tr ansition system for

( / / ) and initial state g (wher e g g ) is finitely

faile d then g is unsatisfiable in .

Definition 7.1. a ppr oximate d arr owing alculus a

a s

s g State

e u r e u

e r

a

) ( ( ) = ) ( ( ) = ) = . Let

= ( ( ) = ). Then [

[ ( ( ) = )] ]

[ [ ( ( ) = )] ] [ [ ] ] [ [ ] ] (since ( )

( ) = ), i.e. . By case (1) of Definition 5.18, =

( ) [ ( )] ( ) . F rom Definition 5.16 it is

immediate that ( ) and ( ) . Hence .

(b) If there do es not exist such that and

¯

( ) then the

lemma follows immediately from Lemma 6.2 and the rule of

abstract basic narrowing.

As a corollary of Lemma 6.3 and of Theorem 4.6 we obtain the correctness of all

the analyses we have defined so far.

=

In this section we describ e an incremental algorithm for analyzing the unsatisfia-

bility of sets of equations. In this context, incrementality [3, 28] means that the

problem resulting from adding a new set of equations (constraints) do es not require

the rep etition of all the work already done. The kernel of this algorithm is a calcu-

lus which is based on abstract narrowing reduction as describ ed in Section 5. The

calculus explores with a depth-first strategy the no des of the abstract transition

system for the accumulated constraint which is incrementally built as long as new

equations are added. Since the numb er of no des to b e visited is finite, a depth-first

strategy is fair, i.e. every no de of the abstract transition system will b e eventu-

ally visited. W e show the incremental calculus for the case of the Abstract Basic

Narrowing analysis. It is easy to mo dify it for the other example analyses.

( )

Let (Σ ) b e an abstract TRS. An -state is a list of pairs ( ), where

= and is a set. The elements of the set are equiv alence classes

of the triples wrt renaming, where is a Σ-equation, is an o ccurrence

of and is (a v ariant of ) a reduction rule in . is a distinguished element

of the sets. List constructors are denoted by [ ] and . The transition

relation is defined as follows:

~

~

A

⊥

A

′ ∗ ′

′

′

N C

N C

N C

N C a

u

u

a

u

a

a a

a

a

c

iEA

a

c

iEA

Unification Rule

Narrowing Rule

Removal Rule σ κ

, κ , , κσ , , κ ,

, ,

λ ρ < < σ κ λ

, κ ,

ρ , κσ , , κ , , ,

,

,

, κ

, κ

, κ ,

, ,

,

,

,

, ,

, , ϵ ,

⟨⟩ ∉ S ∧

⟨ ⟩ S • → ⟨ ⟩ ∅ • ⟨ ⟩ S ∪ {⟨⟩} •

∈ ∧ ∈ ∧ | ≢ ⊥ ∧ ⟨ ⟩ ∉ S ∧

→ ⇐ R ∧ { | }

⟨ ⟩ S • →

⟨ ∼ { } ∪ { } ∪ ⟩ ∅ • ⟨ ⟩ S ∪ { ⟨ ⟩} •

S • →

S

⟨⟩

N C

⟨ ⟩ ∈

⟨ ⟩

N C

N ∈ N → ⟨ ⟩ ∅ •

⟨ ⟩

N

⟨ ⟩

N C ⟨∅ ⟩

→

∈ N

⟨ ⟩ → ⟨ ∪ ⟩

⟨ ⟩ ∅ mgu g

g L true g L

e g u O e e e u r

r C mgu e

g L

g e e C g e u r L

s L L

s

a

faile d

faile d g e g

e

true

Definition 7.2. Behaviour of the a c alculus

L L L true L

e u r

L

i ncr emental E quational Analyzer (iEA)

Definition 7.3. iEA c L c L

a iEA

Definition 7.4. iEA tr ansition r elation

L mer ge L c

c L c c L

mer ge c c

(1)

= ( )

( ) ( ) ( )

(2)

¯

( )

= ( ) = ( ( ) = )

( )

( ( ) [ ] ) ( )

(3)

(1) and (2) do not apply

( )

Roughly sp eaking, the abstract state in the left part of a pair ( ) represents

a no de of the abstract transition system describ ed in Section 5. The right part

of the pair records the redexes of the equations in the abstract state which are

reduced together with the corresp onding applied rule. represents the fact that

an abstract mgu of the equations in the state has b een found. The list representing

an execution state of the ab ove pproximated arrowing alculus is treated as

a stack to emulate a depth-first strategy

. The deriv ations can b e represented as

a finite tree. Leaves which have already b een visited are simply removed. The

calculus can b e slightly improved if no des are recognized and removed from

the list. A no de is any no de such that one equation is not

(abstractly) unifiable and no abstract narrowing step can b e applied to any of the

o ccurrenc es in . Our analysis can only detect unsatisfiability if no leaf of the tree

has the form .

Define the (set v alued) function : ( ) if ( )

W e note that the transition system in Definition 7.1 can b e made deterministic

by intro ducing a lexicographic ordering over the tuples and always reducing

the least tuple in the order. In this case, ( ) would b e a singleton.

W e can now define an :

An -state is a pair , where is a constraint and is an

-state. The empty -state is [ ] .

( )

( ( ~))

~

where

([ ] ~) = [( ~ )]

□

~

~

N C

N C

Proof

′

∗ ′′

∗ ′′ c

iEA

c

iEA

a

a

8. OPTIMIZA

TION AND RELA

TED WORK

, ϵ , , , ϵ ,

, κ , , , κ , ,

,

, ,

, ϵ , , κ ,

, κ

, ϵ , , κ ,

⟨ ⟩ S ⟨ ∪ ⟩ S ∼ {⟨⟩}

⟨ ⟩ S • ⟨ ∪ ⟩ S ∼ {⟨⟩} •

N C

∪

∪

N C

⟨ ⟩ → ⟨ ∪ ⟩

∪

∪

→

⟨ ∪ ⟩ ∅ → ⟨ ⟩ ∅ •

∪

∪

⟨ ⟩

∪

⟨ ∪ ⟩ ∅ → ⟨ ⟩ ∅ • mer ge g c g c

mer ge g L c g c mer ge L c L

mer ge L c

L a

c

c

c c

R emark 7.5. c

c c faile d

The or em 7.6. iEA L et c b e a c onstr aint and L b e a list r epr esent-

ing the exe cution state of the c alculus a when the (incr emental) analysis of

unsatisfiability fails to dete ct the unsatisfiability of c . L et c b e a new c onstr aint.

If a tr ansition c L c c L c annot b e pr oven then the c onstr aint

c c is unsatisfiable.

c c

c c true L

c c

finitely faile d c c

true

c c

c c true L

([( )] ~) = [( ~ )]

(( ) ~) = ( ~ ) ( ~) if = [ ].

Roughly sp eaking, the function ( ~) in Definition 7.4 merges the list

which represents the execution state of the pproximated arrowing alculus

when an analysis failed to detect the unsatisfiability of the constraint and the

new constraint ~ building the list of no des which are to b e narrowed in order to

analyze the unsatisfiability of the accumulated constraint ~.

The facts that every narrowable o ccurrence of is, likewise, a nar-

rowable o ccurrence of ~ and that the no des which are recognized to b e

can b e dropp ed from the lists guarantees that the incremental visit of the search

tree, as formalized in Definition 7.4, is complete.

The following theorem is a consequence of Corollary 6.4.

(correctne ss of )

~

~

~

. By contradiction: Assume that the constraint ~ is satisfiable. F rom

the definition of and the remark ab ove, it suffices to show that a transition

[( ~ )] ( ) can b e proven for the hyp othesis to b e

contradicted. By Corollary 6.4 and from the assumption that ~ is satisfiable

there is no abstract transition system for ~. Therefore, any abstract

transition system for this constraint has, at least, a leaf of the form .

Since the strategy formalized in Definition 7.1 guarantees that every no de of an

abstract transition system for ~ would b e eventually visited, the transition

[( ~ ~ )] ( ) can b e proven.

W e have formalized a numb er of different analyses to determine if a set of equa-

tions is unsatisfiable in a (level-)canonical Horn equational theory

. These analyses

provide safe approximations of the standard op erational semantics of equational

logic programs [30, 42]. W e have considered basic narrowing for conditional term

rewriting systems. It is p ossible to extend these results to more refined strategies

for narrowing, such as selection narrowing [27] or LSE narrowing [12] and it would

b e worth treating the other v ariants of narrowing in the same systematic way . W e

note that the condition of level-canonicity is only required in order to guarantee

the completeness of basic conditional narrowing. Due to the p ossible presence of

extra-v ariables in the programs we cannot weaken level-canonicity to canonicity

even if (full) conditional narrowing would b e considered (see [42]), if we do not

want to lose the completeness of the calculus.

The approach which we have taken in this pap er is general. In particular, it ap-

plies when we consider any kind of analysis where we lo ok for prop erties which are

satisfied by all (or some) success paths. F or sp ecific analyses, it would b e necessary

1 k

j

i

E

R { → → → }

H E

E

{ }

⟨ ⟩

E E

∀ ∈ ⪯

, ,

σ , . . . , σ

, σ , , . . . ,

θ

, σ θ p x x

p c p s x x p c x s p x

p x

x

c

true j k

c c i

X V ar c X X

iEA to provide the appropriate abstract domains and approximations of the TRSs. In

[8], the analysis for a sp ecific goal (the abstract narrowing of a goal) is determined

by exploiting the AND-comp ositionality of basic conditional narrowing and its ab-

stract version. [8] also shows that the comp ositionality of the abstract semantics

leads to a comp ositional analysis. A b ottom-up abstract semantics adequate for

mo dular data-flow analysis is defined in [7]. This abstract semantics captures the

computational prop erties related to the use of logical v ariables.

The metho d in [11] to approximate sets of normal forms of ground instances of

terms in constructor-based programs can also b e formalized as an instance of the

framework presented in this pap er. Bert et al. [11] define a notion of term descrip-

tion and an abstract TRS which is computed as the least fixp oint of a continuous

transformation on programs. Then, terms are abstracted and normalized with the

rules of the abstract TRS. If the approximated sets of constructor normal forms do

not have any element in common, then the terms are detected not to b e -unifiable.

The analysis of abstract rewriting in [11] and our abstract basic narrowing anal-

ysis are incomparable in the sense that there are examples that can b e solved using

only one of the two metho ds. F or instance, unsatisfiability of the goal ( ) =

is recognized by the metho d of abstract basic narrowing in the constructor-based

program = (0) (0) ( ( )) ( ( )) ( ( )) . However, the set

which approximates the constructor normal forms of the ground instances of the

term ( ) on the lhs of the goal is a subset of the approximate set of constructor

normal forms of the ground instances of the term on the rhs of the goal, no matter

what the level of approximation is. Thus the analysis based on abstract rewriting

[11] is not able to detect the unsatisfiability of this equation.

The analysis of abstract rewriting could b e improved if reformulated in the frame-

work presented in this pap er. In fact, rather than a rewriting relation on terms,

the analysis could b e redefined as a narrowing relation on equation sets without

ignoring the abstract substitutions that are applied to make ‘ground’ the terms

b efore p erforming a reduction step.

The analysis of unsatisfiability based on approximated narrowing seems to b e

particularly suitable for CLP( / ) [3] since constraints monotonically grow and

the analysis can b e made incrementally as long as a new set of equations is added.

Example 5.19 shows that our metho d is able to recognize unsatisfiability in cases

where the other metho ds would fail. The contrary is also true in general. Hence,

standard metho ds to detect unsatisfiability should b e preferably combined with our

analysis. All the ab ove mentioned metho ds always terminate and reduce the search

tree without affecting the completeness of the calculus.

W e notice that the concrete narrower can use the result computed by the abstract

narrower in the way that we informally suggest. Let b e an equational theory

and a set of equations. Let b e the collection of all the abstract

substitutions (answer set) in the leaves = 1 of the abstract

transition graph for with . Then, for each -unifier of , there exists such

that ( ) . Thus if we collect the set of answers we can prune

all paths which contain a substitution which do es not compare with any element in

the answer set. The formal definition of this metho d can b e found in [6].

A prototyp e incremental analyzer based on the ideas describ ed here has b een

implemented. The p erformance of the implementation of the algorithm, written in

Prolog, has b een ev aluated on a numb er of programs. T o test our implementation,

in addition to a lazy resolution pro cedure based on the incremental algorithm ,

∞ ∞

1

2

3

, ,

, ,

≡ ⇐ ≡ ⇐

≡ ⇐

T able 1.

REFERENCES

A cknow l e dgmen t

BCN Simpl Simpl + aN iEA

g

g

g

Goal

5.08 4.18

0.78 0.54 12.50 2.48

0.80 0.58 40.42 2.99

1 2

3

Simpl

Simpl

aN

g f g X c h f Y s g f X c g h Y c f Y

f c W g f X c g h Y h f Z W f T c V

aN

Simpl+aN BCN

Simpl

Simpl + aN

iEA

Pr o c. of the Thir d Italian Confer enc e

on The or etic al Computer Scienc e

Pr o c. of the F ourth IEEE Symp osium on L o gic Pr o gr amming

Pr o c. of PLILP’91

L e ctur e Notes in Computer Scienc e

Results of the b enchmarks of Example 2

1. G. Aguzzi and M.C. V erri. On the termination of a unificati on pro cedure. In

A. Bertoni, C. B¨ ohm, and P

. Migli ol i, editors,

, pages 59–70, 1989.

2. H. A ¨ ıt-Kaci, P

. Lincoln, and R. Nasr. Le Fun: Logic, equations, and Functions. In

, pages 17–23. IEEE

Computer So ciety Press, 1987.

3. M. Alpuente and M. F alaschi. Narrowing as an Incremental Constraint Satisfactio n

Algorithm. In J. Maluszy ´ nski and M. Wirsin g, editors, , volume

528 of , pages 111–122. Springer-V erl ag, Berlin,

1991.

we have chosen to implement an eager resolution pro cedure (relying on the basic

conditional narrowing calculus BCN in Section 3) and two (non-incremental) lazy

pro cedures relying on the set of transformations consisting of term rewrit-

ing, trivial equations remov al, v ariable substitution, term decomp osition and failure

rules [30] (here we include an appropriate rule of failure based on the analysis of

non-joinability

, as formalized in Subsection 5.4). W e also extend with an ap-

propriate rule of failure based on abstract narrowing . It is difficult to state a gen-

eral result for the efficiency improvement of the optimizations b ecause this strongly

dep ends on the selected example. T able 1 gives an idea of the achiev able sp eedups

of the following b enchmarks, which corresp ond to the Example 5.19 in Section 5.1:

( ( )) = (0) ( ( )) = (0), ( ) = ( ( ( ))) ( ( )) =

( ( )) and ( ) = ( ( ( ))) ( ( )) = ( ) = ( ).

Timings are CPU seconds on a SUN workstation with 16 Mbytes of RAM. Note

that our BCN implementation is slow in comparison with current implementations

of narrowing. However, our exp eriments with this prototyp e just aimed to check

the incrementality and the ability to prove unsatisfiability

. The first row shows that

as so on as we add the abstract narrowing analysis we obtain a calculus which

terminates ( ) versus the standard calculus which do not terminate

even if the set of transformations is used. Moreover, the comparison b etween

the column of the non incremental analysis ( ) and that of the incre-

mental calculus ( ), shows that the sp eed-up due to incrementality is very go o d.

Our conclusion is therefore that the techniques are practical and can b e usefully

combined for the analysis and optimization of equational logic programs.

W e thank Giorgio Levi, Mar ´ ıa Joś e Ramis and Germ´ an Vidal for many helpful

discussions.

The or etic al Computer Scienc e

Pr o c.

of PLILP’92 L e ctur e Notes in Computer Scienc e

Pr o c. of PLILP’93

L e ctur e Notes in Computer Scienc e

Pr o c. Sixth IEEE

Int’l Conf. on Computer L anguages ICCL’94

Pr o c. F ourth

Int’l Conf. on Algebr aic and L o gic Pr o gr amming ALP’94, Madrid (Sp ain)

Hand-

b o ok of The or etic al Computer Scienc e

Journal of Computer and System Scienc es

Pr o c. Thir d Int’l Workshop on Static

Analysis WSA’93 L e ctur e Notes in Computer Scienc e

Pr o c.

Thir d Int’l Workshop on Conditional T erm R ewriting Systems CTRS’92

L e ctur e Notes in Computer Scienc e

Pr o c e e dings

of the IEEE Symp osium on L o gic Pr o gr amming

Pr o c. of R T A’91 L e ctur e Notes in Computer Scienc e

Pr o c. Eighth Int’l Conf. on L o gic Pr o gr amming

ACM T r ansactions on Pr o gr amming L anguages and Systems

Pr o c. F ourth ACM Symp. Principles of Pr o gr amming L anguages

Handb o ok of The or etic al Computer Scienc e

4. M. Alpuente, M. F alaschi, and G. Levi. Incremental Constraint Satisfaction for

Equational Logic Programming. T echnical Rep ort TR-20/91, Dipartimento di In-

formatica, Universit` a di Pisa, 1991. T o app ear in .

5. M. Alpuente, M. F alaschi, and F. Manzo. Analyses of Inconsistency for Incremental

Equational Logic Programming. In M. Bruyno ogh e and M. Wirsin g, editors,

, volume 631 of , pages 443–457.

Springer-V erlag , Berlin, 1992.

6. M. Alpuente, M. F alaschi, M.J. Ramis, and G. Vidal. Optimization of Equational

Logic Programs Using Abstract Narrowing. T echnical Rep ort DSIC-I I/1/93, UPV,

1993. Short version in J. Penjam and M. Bruyno oghe, editors, ,

volume 714 of , pages 391-409, Springer-V erlag,

Berlin, 1993.

7. M. Alpuente, M. F alaschi, M.J. Ramis, and G. Vidal. A Comp ositio nal Semantics

for Conditiona l Term Rewriting Systems. In H.E. Bal, editor,

. IEEE Computer So ciety Press, 1994.

8. M. Alpuente, M. F alaschi, and G. Vidal. Comp ositional Analysis for Equational

Horn Programs. In G. Levi and M. Ro dr ´ ıguez-Artal ejo, editors,

, Lecture

Notes in Computer Science. Springer-V erla g, Berlin, 1994.

9. K. R. Apt. Intro duction to Logic Programming. In J. v an Leeuwen, editor,

, volume B: F ormal Mo dels and Semantics.

Elsevier, Amsterdam and The MIT Press, Cambridge, Mass., 1990.

10. J.A. Bergstra and J.W. Klop. Conditional Rewrite Rules: confluence and termi-

nation. , 32:323–362, 1986.

11. D. Bert, R. Echahed, and B. M. Østvold. Abstract Rewriting. In P

. Cousot,

M. F alaschi, G. Fil̀ e, and A. Rauzy

, editors,

, volume 724 of , pages 178–

192. Springer-V erla g, Berlin, 1993.

12. A. Bo ckmayr, S. Krischer, and A. W erner. An Optimal Narrowing Strategy for

General Canonical Programs. In M. Rusinowitz and J. L. Ŕ emy , editors,

, volume

656 of , pages 483–497. Springer-V erl ag, Berlin,

1992.

13. P

.G. Bosco, E. Giov annetti , G. Levi, and C. Palamidessi . A complete semantic

characterizatio n of K-leaf, a logic language with partial functions. In

, pages 318–327, 1987.

14. H.J. B ¨ urckert. Lazy E-unificati on - a metho d to delay alternative solutions. T ech-

nical rep ort, Universit́ e de Nancy , F rance, 1987.

15. J. Chabin and P . Ŕ ety . Narrowing directed by a graph of terms. In R. V. Bo ok,

editor, , volume 488 of , pages

112–123. Springer-V erlag, Berlin, 1991.

16. M. Co dish, M. F alaschi, and K. Marriott. Susp ension Analysis for Concurrent Logic

Programs. In K. F uruk awa, editor, ,

pages 331– 345. The MIT Press, Cambridge, Mass., 1991.

17. M. Co dish, M. F alaschi, and K. Marriott. Susp ensi on Analyses for Concurrent

Logic Programs. ,

May 1994.

18. P

. Cousot and R. Cousot. Abstract Interpretation: A Unified Lattice Mo del for

Static Analysi s of Programs by Construction or Approximation of Fixp oints. In

, pages 238–252,

1977.

19. N. Dershowitz and J.-P

. Jouannaud. Rewrite systems. In J. v an Leeuwen, ed-

itor, , volume B: F ormal Mo dels and th

Pr o c. Int’l Conf. on Automate d De duction CADE’88

L e ctur e Notes in Computer Scienc e

Pr o c. First IEEE Int’l Symp. on L o gic Pr o gr amming

Pr o c. First Int’l Workshop on Conditional

T erm R ewriting L e ctur e Notes in Computer Scienc e

Journal of L o gic

Pr o gr amming

Applic able

Algebr a in Engine ering, Communic ation and Computing

Pr o c. Se c ond IEEE Int’l Symp. on L o gic Pr o gr amming

Journal of L o gic Pr o gr amming

F oundations of L o gic and Functional Pr o gr amming L e ctur e Notes

in Computer Scienc e

Pr o c. Seventh Int’l Conf. on L o gic

Pr o gr amming

Pr o c. of PLILP’91 L e ctur e Notes in Computer Scienc e

F oundations of Equational Lo gic Pr o gr amming L e c-

tur e Notes in Artificial Intel ligenc e

5th Int’l Conf. on Automate d De-

duction L e ctur e Notes in Computer Scienc e

Pr o c. Eur op e an Conf. on Computer Algebr a EUROCAL’85

L e ctur e Notes in Computer Scienc e

Pr o c. F ourte enth An-

nual ACM Symp. on Principles of Pr o gr amming L anguages

L o gic Pr o gr amming, F unctions, R elations

and Equations

Pr o c. Thir d IEEE Int’l Symp. on L o gic Pr o gr amming

R e c ent T r ends in Data T yp e Sp e cific ation

Semantics, pages 243–320. Elsevie r, Amsterdam and The MIT Press, Cambridge,

1990.

20. N. Dershowitz, M. Ok ada, and G. Siv akumar. Canonical Conditiona l Rewrite

Systems. In 9 , volume

310 of , pages 538–549. Springer-V erl ag, Berlin,

1988.

21. N. Dershowitz and A. Plaisted . Logic Programming cum Applicative Programming.

In , pages 54–66. IEEE, 1984.

22. N. Dershowitz and G. Siv akumar. Solvi ng Goals in Equationa l Languages. In

S. Kaplan and J. Joaunnaud, editors,

, volume 308 of , pages 45–55.

Springer-V erlag , Berlin, 1987.

23. M. Dincbas and P . v an Hentenryck. Extended Unification Algorithms for the

Integration of Functional Programming into Logic Programming.

, 4:197–227, 1987.

24. M. F ern´ andez. Narrowing based pro cedures for equational disuni ficati on.

, 3:1–26, 1992.

25. L. F rib ourg. Slog: a logic programming language interpreter based on clausal sup er-

p osition and rewriting. In ,

pages 172–185. IEEE, 1985.

26. J.H. Gallier and S. Raatz. Extending SLD-resoluti on to equational Horn clauses

using E-unification . , 6:3–43, 1989.

27. E. Giov annetti and C. Moiso. A completeness result for E-unificati on algorith ms

based on Conditional Narrowing. In M. Boscarol, L. Carlucci, and G. Levi, editors,

, volume 306 of

, pages 157–167. Springer-V erlag, Berlin, 1986.

28. P . V an Hentenryck. Incremental Constraint Satisfactio n in logic programming.

In D. H. D. W arren and P

. Szeredi, editors,

, pages 189–202. The MIT Press, Cambridge, Mass., 1990.

29. P . V an Hentenryck and Y. Deville. Op erational Semantics of Constraint Logic

Programming over Finite Domains. In J. Maluszy ´ nski and M. Wirsing, editors,

, volume 528 of , pages 395–

406. Springer-V erla g, Berlin, 1991.

30. S. H¨ olldob ler. , volume 353 of

. Springer-V erlag , Berlin, 1989.

31. J.M. Hullot. Canonical Forms and Unification . In

, volume 87 of , pages 318–334. Springer-

V erlag, Berlin, 1980.

32. H. Hussman. Unification in conditiona l-equ atio nal theories. T echnical rep ort,

F akult¨ at f ¨ ur Mathematik und Informatik, Universit¨ at Passau, 1986. Short ver-

sion in , volume 204 of

, pages 543-553, Springer-V erl ag, Berlin, 1985.

33. J. Jaffar and J.-L. Lassez. Constraint Logic Programming. In

, pages 111–119. ACM,

1987.

34. J. Jaffar, J.-L. Lassez, and M.J. Maher. A logic programming language scheme. In

D. de Gro ot and G. Lindstrom, editors,

, pages 441–468. Prentice Hall, Englewo o d Cliffs, NJ, 1986.

35. A. Josephson and N. Dershowitz. An implementa tion of narrowing, the RITE way .

In , pages 187–197. IEEE,

1986.

36. S. Kaplan. F air conditi onal term rewriting systems: unificati on, termination and

confluence. In H.-J. Kreowski, editor, ,

Informatik-F achb erichte

Handb o ok of L o gic in Computer Scienc e

F oundations of De ductive Datab ases and L o gic Pr o gr amming

Pr o c. Thir d IEEE Symp. on L o gic In Computer Scienc e

Information Pr o c essing 89

Ap-

plic able Algebr a in Engine ering, Communic ation and Computing

Algebr aic and Lo gic Pr o gr amming

L e ctur e Notes in Computer Scienc e

Journal of Symb olic

Computation

Pr o c. of the 17th International Col lo quium on Automata, L anguages

and Pr o gr amming L e ctur e Notes in Computer Scienc e

Pr o c. of R T A’87

L e ctur e Notes in Computer Scienc e

Pr o c. of R T A’85

L e ctur e Notes in Computer Scienc e

Journal of Symb olic Computation volume 116 of , pages 136–155. Springer-V erlag, Berlin,

1986.

37. J.W. Klop. T erm rewriting systems. In S. Abramsky

, D. Gabbay

, and T. Maibaum,

editors, , volume I, pages 1–112. Oxford

University Press, 1992.

38. J.-L. Lassez, M. J. Maher, and K. Marriott. Unificatio n Revisited. In J. Minker,

editor, , pages 587–

625. Morgan Kaufmann, Los Altos, Ca., 1988.

39. M. J. Maher. Complete Axiomatizatio ns of the Algebras of Finite, Rational and

Infinite Trees. In , pages

348–357. Computer Science Press, New Y ork, 1988.

40. M. J. Maher. On parameterized substitution s. T echnical Rep ort RC 16042, IBM

- T.J. W atson Research Center, Y orktown Heights, NY, 1990.

41. K. Marriott and H. Søndergaard. Semantics-bas ed Dataflow Analysis of Logic

Programs. In G. Ritter, editor, . North-Holland , 1989.

42. A. Middeld orp and E. Hamo en. Completeness Results for Basic Narrowing.

, 5:213–253, 1994.

43. J.J. Moreno and M. Ro driguez-Artale jo. BABEL: A F unctional and Logic Program-

ming Language based on a constructor discip li ne and narrowing. In I. Grab owski,

P . Lescanne, and W. W echler, editors, , volume

343 of , pages 223–232. Springer-V erl ag, Berlin,

1988.

44. W. Nutt, P . Ŕ ety , and G. Smolk a. Basic narrowing revisited.

, 7:295–317, 1989.

45. C. Palamide ssi. Algebraic prop erties of idemp otent substituti ons. In M. S. Pater-

son, editor,

, volume 443 of , pages 386–

399. Springer-V erla g, Berlin, 1990.

46. P . Ŕ ety . Improving Basic Narrowing Techniques. In , volume

256 of , pages 228–241. Springer-V erl ag, Berlin,

1987.

47. P . Ŕ ety , C. Kirchner, H. Kirchner, and P

. Lescanne. NARROWER: A new algo-

rithm for unificati on and its appli catio ns to logic programming. In ,

volume 202 of , pages 141–157. Springer-V erlag,

Berlin, 1985.

48. J.H. Siekmann . Unification Theory

. , 7:207–274,

1989.