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Abstract—The aim of this work is the modeling and verification of concurrent systems subject to dynamic changes using extensions of

Petri nets. We begin by introducing the notion of net rewriting system. In a net rewriting system, a system configuration is described as

a Petri net and a change in configuration is described as a graph rewriting rule. We show that net rewriting systems are Turing

powerful, that is, the basic decidable properties of Petri nets are lost and, thus, automatic verification in not possible for this class. A

subclass of net rewriting systems are reconfigurable Petri nets. In a reconfigurable Petri net, a change in configuration amounts to the

modification of the flow relations of the places in the domain of the involved rule according to this rule, independently of the context in

which this rewriting applies. We show that reconfigurable Petri nets are formally equivalent to Petri nets. This equivalence ensures that

all the fundamental properties of Petri nets are still decidable for reconfigurable Petri nets and this model is thus amenable to automatic

verification tools. Therefore, the expressiveness of both models is the same, but, with reconfigurable Petri nets, we can easily and

directly model systems that change their structure dynamically.

Index Terms—Theory of computation, computation by abstract devices, models of computation, relations between models, modes of

computation, parallelism and concurrency.
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1 INTRODUCTION

APetri net [19], [20] is a formalism to model, analyze,
simulate, control, and evaluate the behavior of

distributed and concurrent systems. This formalism, how-
ever, does not offer a direct way to address some modeling
issues such as dynamic changes, multiple operating modes
of operations, etc. Extensions of Petri nets have been
designed to allow for an easy formalization of such features.
The benefit in terms of modeling power is usually at the
expense of a loss in decidable properties. A trade off needs
to be found between expressiveness and computability. The
fundamental goal of this work is the modeling and
verification of concurrent systems that are subject to
dynamic changes. It is important that the mechanism for
handling dynamic changes in such systems be explicitly
represented inside the model so that, at each stage of
product development, designers can experiment with the
effects of structural changes (e.g., by using prototypes). This
means that structural changes are taken into account from
the very beginning of the design process rather than
handled by an external, global system (e.g., by some
exception handling mechanism), designed, and added to
the model describing the system’s normal behavior. Thus,
we are in favor of an internal and incremental description of
changes over an external and uniform one and a local
handling of changes over a global one.

A preliminary version of this work appeared in the

Proceedings of PDPTA ’03 [3] in which we introduce the

definitions of net rewriting systems and reconfigurable Petri

nets.There arenoproofs inside.Thispaper is anextendedand

improved version of [3]. Reconfigurable Petri nets are an

extension of Petri nets [19], [20]. They are a subclass of net

rewriting systems. The proposed model arises from two

different lines of research. Bothwere conducted in the field of

the Petri net formalism with the goal of enhancing the

expressiveness of the basic model of Petri nets. The first class

of models covers various proposals for merging Petri nets

with graph grammars [7], [9], [21], while the second class,

which is best represented by Valk’s Self-ModifyingNets [23],

[24], considers Petri nets whose flow relations can vary at

runtime. Both proposals lead to expressive models that have

definite benefits with respect to modeling issues. However,

most of the basic decidable properties of Petri nets (place

boundedness, reachability, deadlock, and liveness) are lost

for these extended models. Therefore, no automatic verifica-

tion tools can be implemented in the context of these models.

Reconfigurable Petri nets attempt to combine the most

relevant aspects of both of these approaches and constitute

aclassofmodels forwhicheachof thepreceding fundamental

properties are decidable. This model should then be amen-

able to automatic verification.
In Section 2, we recall the definition of Net Rewriting

System of [3]. Section 3 develops a simulation of a Turing

Machine using Net Rewriting Systems. In Section 4, we

present our model of reconfigurable Petri nets and we show

an example of this model. An implementation of reconfi-

gurable Petri nets with Petri nets is shown in Section 5.

Finally, we conclude in Section 6 with some related work.

2 NET REWRITING SYSTEMS

This section recalls the model of the net rewriting system of

[3]. First, we establish some notations:
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. If R � X � Y is a binary relation, we let X0R ¼ fy 2
Y j 9x 2 X0 ðx; yÞ 2 Rg denote the image of X0 � X,
and RY 0 ¼ fx 2 X j 9y 2 Y 0 ðx; yÞ 2 Rg denote the
inverse image of Y 0 � Y . The domain of R is then
DomðRÞ ¼ RY and the codomainofR isCodðRÞ ¼ XR.

. IN is the set of natural numbers.

. ZZ is the set of integer numbers.

Definition 1. A Petri net [19], [20] is a tuple N ¼ ðP; T ; F Þ,
where P ¼ fp1; p2; . . . ; pmg is a finite set of places, T ¼
ft1; t2; . . . ; tng is a finite set of transitions (P \ T ¼ ;,
P [ T 6¼ ;), and F : ðP � T Þ [ ðT � P Þ ! IN is a set of
weighted arcs (flow relation).

Definition 2. A marking of a Petri net is a map M : P ! IN
that assigns, to each place, a nonnegative integer. If a marking
assigns to place p a nonnegative integer k, we say that p is
marked with k tokens. A marking is denoted by M, an
m-vector, where m is the total number of places. The
pth component of M, denoted by MðpÞ, is the number of
tokens in place p.

Definition 3. A marked Petri net is a pair ðN ;M0Þ, where N
is a Petri net and M0 : P ! IN is the initial marking.

A Petri net structure can be represented as a directed
graph that uses circles and bars to represent places and
transitions, respectively. Arcs are labeled with their weights
(positive integers), where a k-weighted arc can be inter-
preted as the set of k parallel arcs. Labels for unity weight
are usually omitted. An arc from a place p to a transition t
defines p as an input place of t. An arc from a transition t to a
place p defines p as an output place of t. Tokens are
represented graphically by black dots. If a place p is marked
with k tokens, we place k black dots in place p.

Definition 4. The preset (postset) of a transition t is the set of
all input (output) places of t, �t ¼ f8p 2 P j F ðp; tÞ 6¼ 0g
(t� ¼ f8p 2 P j F ðt; pÞ 6¼ 0g).

Definition 5. The preset (postset) of a place p is the set of all
input (output) transitions of p, �p ¼ f8t 2 T j F ðt; pÞ 6¼ 0g
(p� ¼ f8t 2 T j F ðp; tÞ 6¼ 0g).

The execution of a Petri net causes its marking to change.
Execution is performed by firing enabled transitions. A
transition is enabled when each one of its input places is
marked with at least as many tokens as the weight of the
arcs connecting these input places with the transition. A
transition fires by removing as many tokens from each one
of its input places as the weight of the arcs connecting these
input places with the transition and by placing as many
tokens in each one of its output places as the weight of the
arcs connecting these output places with the transition.

Definition 6. A transition is enabled if each one of its input
places is marked with at least F ðp; tÞ tokens, where F ðp; tÞ is
the weight of the arc from p to t.

8p 2 � t MðpÞ � F ðp; tÞ:

Definition 7. A transition can be fired if and only if it is
enabled.

Definition 8. The firing of an enabled transition t in a

marking M removes F ðp; tÞ tokens from each input place p of t

and it adds F ðt; pÞ tokens to each output place p of t, where

F ðt; pÞ is the weight of the arc from t to p.

Definition 9. The marking M 0 resulting from the firing of an

enabled transition t in a marking M, M½tiM 0, is defined as

follows:

M 0ðpÞ ¼ MðpÞ � F ðp; tÞ þ F ðp; tÞ 8p 2 ð�t \ t�Þ
M 0ðpÞ ¼ MðpÞ � F ðp; tÞ 8p 2 � tnt�
M 0ðpÞ ¼ MðpÞ þ F ðt; pÞ 8p 2 t�n�t
M 0ðpÞ ¼ MðpÞ otherwise:

Definition 10. The marking graph of a marked Petri net

ðN ;M0Þ is a graph G whose nodes are reachable markings

from M0 and whose arcs are firings of transitions. There exists

an arc, labeled with t, from the node representing marking Mi

to the node representing marking Mj if and only if, when t is

fired from Mi, Mj is reached.

Definition 11. Let G ¼ ðV ;EÞ and G0 ¼ ðV 0; E0Þ be two graphs.
We call G and G0 isomorphic if there exists a bijection ’ :

V ! V 0 with xy 2 E , ’ðxÞ’ðyÞ 2 E0 for all x; y 2 V .

Definition 12. Let N ¼ ðP; T ; F Þ and N 0 ¼ ðP 0; T 0; F 0Þ be two
Petri nets. We call N and N 0 isomorphic if there exists a

bijection ’ : ðP [ T Þ ! ðP 0 [ T 0Þ such that F ðx; yÞ 2 N ¼
F 0ð’ðxÞ; ’ðyÞÞ 2 N 0

for all x; y 2 P [ T .

Definition 13. A full embedding of a Petri net N ¼ ðP; T ; F Þ
into a Petri net N 0 ¼ ðP 0; T 0; F 0Þ is an injective map f :

P [ T ! P 0 [ T 0 that maps places to places and transitions to

transitions (fðP Þ � P 0 and fðT Þ � T 0) such that, for any pair

of elements x; y 2 P [ T , F ðx; yÞ ¼ F 0ðfðxÞ; fðyÞÞ. The

image of N by f is then called a full subnet of N 0.

We show the definition of the net rewriting system. This

definition combines Petri nets with graph rewriting

systems. The idea is to describe a system configuration as

a Petri net (like in self-modifying nets [23], [24]) and a

change of configuration as a graph rewriting rule (like a

production and a direct derivation of a graph grammar in

the double-pushout approach [11]).

Definition 14. A net rewriting system [3] is a structure

N ¼ ðR; ð�0;M0ÞÞ, where R ¼ fr1; . . . ; rhg is a finite set of

rewriting rules and ð�0;M0Þ is a marked Petri net.
A rewriting rule r 2 R is a structure r ¼ ðL;R; �;� �; ��Þ,

where

1. L ¼ ðPL; TL; FLÞ and R ¼ ðPR; TR; FRÞ are Petri nets
called the left-hand side and the right-hand side of
r, respectively.

2. � � ðPL � PRÞ [ ðTL � TRÞ, called the transfer rela-
tion of r, is a binary relation relating places of L to
places of R and transitions of L to transitions of R:
PL� � PR, �PR � PL, TL� � TR, and �TR � TL.

3. �� � � and �� � � are subrelations of the transfer
relation called the input interface relation and the
output interface relation, respectively.

A configuration of a net rewriting system N is a Petri net
� ¼ ðP; T ; F Þ.
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A state of a net rewriting system N is a marked Petri net
ð�;MÞ. The pair ð�0;M0Þ is called the initial state of the net
rewriting system.

An event of a net rewriting system is either a transition or
a rewriting rule: E ¼ T [R.

Let us present an example to illustrate this definition.

Example 1 (Printers). The net rewriting system in Fig. 1

models the printing of several copies of the same job

using different printers. The token in the place buffer_

printer represents one copy of the job to print. In this state

ð�;MÞ, to obtain three copies the job must be sent to print

three times and these three copies can only be printed

sequentially (one after the other). The rewriting rule triple

offers the possibility of printing each one of them using a

different printer. The transfer relation � is given by

� ¼ fðfp inig; fp 1; p 2; p 3gÞ; ðft 0g; ft 1; t 2; t 3gÞ;
ðfp endg; fp endgÞg

and the input and output interface relations are �� ¼
fðfp inig; fp 1; p 2; p 3gÞg and �� ¼ fðfp endg; fp endgÞg,
respectively.

In order to apply a rewriting rule r to a configuration �,

one must first identify a full subnet �0 of � (see

Definition 13) that is isomorphic to the left-hand side of

the rule, that is, there exists a bijection ’ : ðPL [ TLÞ !
ðP 0 [ T 0Þ such that FLðx; yÞ 2 L ¼ F 0ð’ðxÞ; ’ðyÞÞ 2 �0 for all

x; y 2 PL [ TL. The elements of � (places or transitions) that

do not belong to �0 constitute the context of the rule. In order

for the rule to be enabled, an element x0 of �0 must also have

an element x of its preset that belongs to the context only if

x0 belongs to the input interface of the rule. In addition, an

element x0 of �0 must also have an element x of its postset

that belongs to the context only if x0 belongs to the output

interface of the rule. When these conditions are met, the

rewriting can take place and it proceeds by replacing the

subnet �0 with the right-hand side R of the rule and by

fixing the connections between the elements of R and those

in the context according to the interface relation. The

transfer relation is not only used to rewrite the left side of

the rule with the right side, but it is also used to transfer the

tokens in �0 to R (hence its name). Notice that, since the

transfer relation can be any type of relation, tokens may be

duplicated or may disappear.

The dynamic evolution of a net rewriting system is given

by its state graph.

Definition 15. The state graph of a net rewriting system

N ¼ ðR; ð�0;M0ÞÞ is the labeled directed graph whose nodes

are the states of N , i.e., marked Petri nets, and whose arcs

(labeled with events of N) are of two kinds described below:

. Firing of a transition: Arcs from state ð�;MÞ to state
ð�0;M 0Þ that are labeled with transition t when
transition t can fire in the net � at marking M and
lead to marking M 0:

ð�;MÞ !t ð�0;M 0Þ()ð� ¼ �0 and M½tiM 0 in �Þ:

. Change of configuration: Arcs from state ð�;MÞ
to state ð�0;M 0Þ that are labeled with rule
r ¼ ðL;R; �;� �; ��Þ 2 R, when there exists a full
embedding f : L ! � such that, for all x 62 fðLÞ
and y 2 L:

x 2 � fðyÞ ) y 2 Domð��Þ and x 2 fðyÞ� ) y
2 Domð��Þ

and the following holds where � ¼ ðP; T ; F Þ and

�0 ¼ ðP 0; T 0; F 0Þ:

P 0 ¼ P � fðPLÞ þ PR such that PL� ¼ PR

T 0 ¼ T � fðTLÞ þ TR such that TL� ¼ TR;

where the meaning of þ (�) is adding (removing)

places/transitions to (from) �. The name of places PR

(transitions TR) added to � must be new in order to

avoid clashes.
The flow relation F 0 is given by:

- arcs in � that connect pairs of elements that do
not belong to R,

- arcs that connect pairs of elements of R, and
- arcs that are the result of connecting elements of R

with elements that belong to the context,

i.e.,

F 0ðx; yÞ ¼

F ðx; yÞ if x 62 R ^ y 62 R
FRðx; yÞ if x 2 R ^ y 2 RP

yi2 ��y F ðx; fðyiÞÞ if x 62 R ^ y 2 RP
xi2 ��x F ðfðxiÞ; yÞ if x 2 R ^ y 62 R:

8>><
>>:

ð1Þ

The marking of a place p 2 P 0, M 0ðpÞ, is given by:

- If p 62 R, it does not change or
- If p 2 R, it depends on markings of the places

from which is originated according to � ,

i.e.,

M 0ðpÞ ¼ MðpÞ if p 62 RP
p02 �p Mðfðp0ÞÞ if p 2 R:

�
ð2Þ

Example 2. Fig. 2 shows the new state ð�0;M 0Þ due to the

change of configuration caused by rewriting rule triple in

Example 1. It could be appreciated that a subnet has been
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replaced by another one and the number of tokens has

grown (it has been tripled).

In the next section we prove that net rewriting systems
can simulate Turing machines.

3 SIMULATION OF TURING MACHINES WITH NET

REWRITING SYSTEMS

In this section, we show how to simulate a Turing machine
by means of a net rewriting system. First, we recall the
elements that make up a Turing machine, the definition of a
Turing machine configuration and the transition relation
between configurations.

Definition 16. A Turing machine [16], [22] is made up of the

following elements:

. an infinite bidirectional tape divided into an infinite
number of consecutive cells, every cell contains 0 or 1,

. a read/write head that can read and write into the
active cell (the cell where is the head) and that can also
move along the tape in both directions,

. a finite set of internal states Q, and

. a finite set of instructions of the form ½q; v; w; q0� where
q and q0 are internal states, v 2 f0; 1g is a possible
value of a cell, and w 2 f0; 1; L;Rg is an operation.
The meaning of this instruction is: If the internal state
of the machine is q and the content of the cell being
examined is the symbol v, then the machine performs
the operation w and changes its internal state to q0.
According to the operation w, the read/write head can:

- write 0 (1) in the cell being examined if w ¼ 0
(w ¼ 1) and

- move to the next cell to the left or to the right if
w ¼ L or w ¼ R.

Definition 17. A configuration of a Turing machine is a pair

ðq; uÞ 2 Q� f0; 1gZZ where q 2 Q is a state and u : ZZ !
f0; 1g is a function describing the current status of the tape (0

is the head position). The initial configuration is ðq0; u0Þ where
u0ðnÞ ¼ 0 for all n 2 ZZ, i.e., initially every cell has value 0.

Definition 18. The transition relation between configurations

of a Turing machine is given by:

ðq; uÞ !x ðq0; u0Þ()
ðx ¼ ½q; uð0Þ; u0ð0Þ; q0� ^ 8i 6¼ 0 u0ðiÞ ¼ uðiÞÞ_
ðx ¼ ½q; uð0Þ; R; q0� ^ 8i 2 ZZ u0ðiÞ ¼ uðiþ 1ÞÞ_
ðx ¼ ½q; uð0Þ; L; q0� ^ 8i 2 ZZ u0ðiÞ ¼ uði� 1ÞÞ:

8><
>:

A Turing machine is deterministic if there are not two

distinct rules ½q1; v1; w1; q
0
1� and ½q2; v2; w2; q

0
2� with q1 ¼ q2

and v1 ¼ v2. This means that, in any configuration of the

machine, at most one instruction may apply. The behavior

of a deterministic Turing machine can be represented by the

sequence of configurations reached from its initial config-

uration. Thus, a Turing machine may either halt, if it

reaches a configuration where no instructions apply, or

cycle, if it reaches some configuration twice, or be

unbounded, if it reaches infinitely many distinct configura-

tions. It is undecidable whether a Turing machine halts and

it is also undecidable whether a Turing machine is

bounded. It may be proven that a Turing machine is

bounded if and only if its head scans only a finite part of the

tape. Any configuration reachable from the initial config-

uration has only a finite number of cells with a nonnull

content. Therefore, at any time, only a finite portion of the

tape needs to be represented.
Fig. 3 shows the equivalence between a configuration of

a Turing machine and a configuration of a net rewriting

system. In this representation, a cell of the machine is a

place with a label 0 or 1, that we call sort, and that

represents its content. Each state of the Turing machine is

also considered a sort and the active cell is represented by

the place that has an input transition with the current state

of the machine as sort. We represent the fact that a cell is the

leftmost cell, an internal, or the rightmost cell with specific

sorts. The transition relations between configurations of the

machine are rewriting rules of the net rewriting system.
Next, we show that the model of net rewriting systems is

left unchanged if we add sort constraints on places and

transitions. We introduce the notion of K-sorted net

rewriting system as an extension of net rewriting systems

with some sort constraints on places and transitions. We use

these net rewriting systems to simulate a Turing machine.

Definition 19. A net � ¼ ðP; T ; F Þ is the restriction of

a net �0 ¼ ðP 0; T 0; F 0Þ if P � P 0, T � T 0, and

F ¼ F 0 \ ðP � T [ T � P Þ. It is denoted by � v �0.
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Definition 20. A net rewriting systemN ¼ ðR; ð�0;M0ÞÞ is the
restriction of a net rewriting systemN 0 ¼ ðR0; ð�0

0;M
0
0ÞÞ if:

1. �0 v �0
0 and

2. 9 a bijection ’ : R ! R0 such that 8r 2 R, Lr v L0
r

and Rr v R0
r;

it is denoted by N v N 0.

Definition 21. The restriction of the state graph of a net

rewriting system N 0 to the state graph of a net rewriting

system N if N v N 0, is the transition system ð�;MÞ !x

ð�0;M 0Þ such that

. � and �0 are configurations of N ,

. x 2 T [R,

. M and M 0 are the markings of � and �0, respectively,
and

. 9ð~��; ~MMÞ !~xx ð~��0; ~MM 0Þ is a transition of the state graph
of N 0 such that:

-

~xx ¼ x if x 2 T�

’x if x 2 R;

�

- � v ~�� and �0 v ~��
0
,

- M ¼ ~MM restricted to places of � and M 0 ¼ ~MM
0

restricted to places of �0.

Definition 22. A net rewriting system N 0 is a conservative

extension of a net rewriting systemN if N v N 0 and the state

graph of N coincide (is isomorphic) with the restriction of the

state graph of N 0 to the state graph of N .

Definition 23. If K is some finite set (of so-called sorts), a

K-sorted Petri net is a Petri net ðP; T ; F Þ together with a

map � : P [ T ! K that associates each element of the net

with a sort in K.

Definition 24. A K-sorted net rewriting system is a net

rewriting system all of whose Petri nets components (initial

configuration and left and right-hand side of rules) are

K-sorted.

Definition 25. The state graph of a K-sorted net rewriting

system is defined as the state graph of its underlying net

rewriting system with the exception that, for applying a

change of configuration, we further require that the embedding

(of the left-hand side of the rule into the current configuration)

be compatible with the sorts, i.e., it sends an element (place or

transition) to an element with the same sort.

Proposition 1. For every K-sorted net rewriting system N , there

exists a net rewriting system N 0 which is a conservative

extension of the underlying net rewriting system N0 to N such

that the restriction of the state graph of N 0 to the state graph of

N0 coincides with the state graph of N .

Proof.

. By the fact that N0 is the underlying net rewriting
system (without sorts) to the K-sorted net rewrit-
ing systemN , it follows thatN0 v N , i.e.,N0 is the
restriction of N .

. By the fact that N 0 is a conservative extension of
system N0, it follows that N0 v N 0 and the state
graph of N0 coincides with the restriction of state
graph of N 0 to the state graph of N0.

. From Definition 25, the state graph of N is
defined as the state graph of N0 with the
exception that, for applying a change of config-
uration, we further require that the embedding
(of the left-hand side of the rule into the current
configuration) be compatible with the sorts, i.e.,
the state graph of N coincides with the state
graph of N0.

Therefore, the restriction of the state graph ofN 0 to the
state graph of N0 coincides with the state graph of N . tu

According to Proposition 1, we deduce that:

Proposition 2. Let N0 be the underlying net rewriting system to

the K-sorted net rewriting system N . If the state graph of N0

coincides with the state graph of N , places and transitions of

the sort set are unobservables, i.e., they have no effect in the

state graph of N .

Proof. It follows from Proposition 1. tu

Next, we show that if we relax slightly the assumption

on the transfer relations in a net rewriting system, now

requiring that they are partial bijections, then we obtain a

larger subclass of net rewriting systems that already is

Turing powerful. We recall the notion of partial bijection.

Definition 26. A relation � � X � Y is a partial bijection if it

induces a bijection when restricted to its domain and its

codomain, i.e., each element in X has at most one image in Y

and each element in Y has at most one coimage in X.

The fact that Turing machines can be simulated by net

rewriting systems whose transfer relations are partial

bijections is straightforward when one has noticed that

the model of net rewriting systems is left unchanged if we

add sort constraints on places and transitions.
Now, we readily verify that we can associate every

K-sorted net rewriting system whose transfer relations are

partial bijections to an equivalent net rewriting system

whose transfer relations are also partial bijections. For that

purpose, we notice that, since the transfer relations are

partial bijections, the flow relations of its various config-

urations are upper bounded by the maximum of the values

of the flow relations of the initial configuration and of the

values of the flow relations of the right-hand sides of rules.

Then, a sort n of a transition t and a sort m of a place p may

be coded by the specific subnets, added to the original nets

(see Fig. 4), once one has chosen these integers large enough

so that they cannot conflict with other values of flow

relations of some accessible configuration.
We show below that any Turing machine can be

simulated by some sorted net rewriting system whose

transfer relations are partial bijections.

Theorem 1. A K-sorted net rewriting system whose transfer

relation � is a partial bijection is Turing powerful.
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Proof. Formally, a Turing machine is represented by a

K-sorted net rewriting system as follows: Let N ¼
ðR; ð�0;M0ÞÞ be the K-sorted net rewriting system where

. K ¼ f0; 1g [Q [ fL;R; Ig is the sort set such that
f0; 1g are sorts of places and indicate the content
of the cell represented by the corresponding place
and transitions can have sorts in Q [ fL;R; Ig,
where

- Q is a finite set of sorts coding the various
internal states of the machine. The current
configuration state qk is represented by an
input transition to the place of the active cell
with sort qk 2 Q;

- L (R) is the sort of the input (output)
transition of the place that represents the
leftmost (rightmost) cell of the tape, and

- I is the sort of all transitions between places
representing internal cells.

. �0 ¼ ðP0; T0; F0Þ is the initial configuration, such
that P0 ¼ fp0g, T0 ¼ fq0; L;Rg and F0 is defined as
follows:

F0ðp0; q0Þ ¼ 0; F0ðq0; p0Þ ¼ 1; F0ðp0; LÞ ¼ 0;

F0ðL; p0Þ ¼ 1; F0ðp0; RÞ ¼ 1; and F0ðR; p0Þ ¼ 0:

This is illustrated graphically in Fig. 5.
. M0 is the initial marking such that M0ðp0Þ ¼ 0,
. R is the set of rewriting rules and represents the

transition relations between configurations of the
Turing machine. The rules are the following:

- Writing a value on the cell being examined. There
is one rewriting rule associated with each
instruction of the Turing machine of the form
½q; v; v0; q0� 2 Q� f0; 1g2 �Q (see Fig. 6).

The transfer relation � is given by

� ¼ fðfvg; fv0gÞ; ðfqg; fq0gÞg and the input

and output interface relations are

�� ¼ �� ¼ fðfvg; fv0gÞg.
- Moving the head to the right. There are two

rewriting rules associated with each instruc-
tion of the Turing machine of the form
½q; v; R; q0� according to whether the active

cell is the rightmost cell (see Fig. 7a) or not
(see Fig. 7b).

The transfer relation � for the rule of Fig. 7a
i s g i v en by � ¼ fðfvg; fvgÞ; ðfRg; fRgÞ;
ðfqg; fq0gÞ; ð;; fI; 0gÞg and the input and out-
put interface relations are �� ¼ fðfvg; fvgÞg
and �� ¼ f;g, respectively.

The transfer relation � for the rule of
Fig. 7b is given by � ¼ fðfvg; fvgÞ; ðfIg; fIgÞ;
ðfv0g; fv0gÞ; ðfqg; fq0gÞg and the input and out-
put interface relations are �� ¼ fðfvg; fvgÞg
and �� ¼ fðfv0g; fv0gÞg, respectively.

- Moving the head to the left. There are two
rewriting rules associated with each instruc-
tion of the Turing machine of the form
½q; v; L; q0� according to whether the active
cell is the leftmost cell (see Fig. 8a) or not (see
Fig. 8b).

The transfer relation � for the rule of
Fig. 8a is given by � ¼ fðfvg; fvgÞ; ðfLg; fLgÞ;
ðfqg; fq0gÞ; ð;; f0; IgÞg and the input and out-
put interface relations are �� ¼ f;g and
�� ¼ fðfvg; fvgÞg, respectively.

The transfer relation � for the rule of
Fig. 8b is given by � ¼ fðfvg; fvgÞ; ðfIg; fIgÞ;
ðfv0g; fv0gÞ; ðfqg; fq0gÞg and the input and out-
put interface relations are �� ¼ fðfvg; fvgÞg
and �� ¼ fðfv0g; fv0gÞg, respectively. tu

This translation show how simulate a deterministic
Turing machine with a K-sorted net rewriting system where
� is a partial bijection.

This simulation can be easily extended to the general
class of net rewriting systems since we have proven that the
model of net rewriting systems is left unchanged if we add
sort constraints on places and transitions. This is correct
only if concurrency aspects are not taken into account. We
can conclude that:

Corollary 1. Net rewriting systems are Turing powerful.

Proof. Straightforward. tu

In the next section, we present a particular class of net
rewriting system, the reconfigurable Petri nets, where the
transfer relation is a bijection. In Section 5, we show that this
model is an abbreviation of the basic model of Petri nets,
i.e., having the same expressive power, the description of
the system to model is simpler and brief.

4 RECONFIGURABLE PETRI NETS

We now turn our attention to a specific subclass of net
rewriting systems corresponding to a model of reconfigur-
able Petri nets that we have introduced in previous studies
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Fig. 4. Subnets of a sort n of a transition t and a sort m of a place p.

Fig. 5. Net of the initial configuration.

Fig. 6. Writing a value on the cell being examined.



[4], [5], [6]. More precisely, the following definition is a

reformulation of what was called there reversible reconfigur-

able nets.

Definition 27. A reconfigurable Petri net is a net rewriting

system such that the transfer relation � is a bijection and the

interfaces �� ¼ � � are the restriction of the transfer relation �

to the set of transitions, i.e., �� ¼ � � ¼ TL � TR \ � .

The former condition asserts that the set of places and

transitions is left unchanged by rewriting rules. Such rules

only change the flow relations of the places in their

domains. Thus, the above definition may in turn be

reformulated more directly (i.e., without resorting to net

rewriting systems) using the following definition, which we

consider the official definition of reconfigurable Petri nets

(since reversibility will always be an implicit assumption).

Definition 28. A reconfigurable Petri net is a structure N ¼
ðP; T ;R; �0Þ where P ¼ fp1; . . . ; png is a nonempty and finite

set of places, T ¼ ft1; . . . ; tmg is a nonempty and finite set of

transitions disjoint from P (P \ T ¼ ;), R ¼ fr1; . . . ; rhg is a
finite set of rewriting rules, and �0 is the initial state.

A rewriting rule r 2 R is a structure r ¼ ðD;� r; r�Þ
where D � P is the domain of r, �r : ðD� T Þ [ ðT �DÞ !
IN and r� : ðD� T Þ [ ðT �DÞ ! IN are the preconditions

and postconditions of r (i.e., they are the flow relations of the

domain places before and after the change of configuration due

to rule r).
A configuration of a reconfigurable Petri net is a Petri net

� ¼ ðP; T ; F Þ.
A state � of a reconfigurable Petri net is a pair � ¼ ð�;MÞ

where � is a configuration andM : P ! IN. Hence, a state is a

marked Petri net that is associated with the set of places and

transitions of the reconfigurable Petri net.
The events of a reconfigurable Petri net are its transitions

together with its rewriting rules: E ¼ T [R.

We represent a rewriting rule using formal sums

notation as:

r ¼
X
p2D

p
X
t2T

� rðp; tÞ � t�
X
t2T

� rðt; pÞ � t
 !

.

X
p2D

p
X
t2T

r�ðp; tÞ � t�
X
t2T

r�ðt; pÞ � t
 !

;

where the symbol . separates the preconditions from the

postconditions of r.

Definition 29. The configuration graph GðNÞ of a reconfigur-
able Petri net N ¼ ðP; T ;R; �0Þ is the labeled directed graph

whose nodes are the configurations such that there is an arc

from configuration � to configuration �0 labeled with rule

r ¼ ðD;� r; r�Þ 2 R, which we denote �½ri�0, if and only if the

following holds:

8p 2 D :
F ðp; tÞ ¼ � rðp; tÞ and F ðt; pÞ ¼ � rðt; pÞ
F 0ðp; tÞ ¼ r�ðp; tÞ and F 0ðt; pÞ ¼ r�ðt; pÞ

�
8p 62 D : F ðp; tÞ ¼ F 0ðp; tÞ and F ðt; pÞ ¼ F 0ðt; pÞ:

ð3Þ

Notice that we want the transition relation to contain arcs of

the exact multiplicity appearing in the the left-hand side of

the rewriting rule and we do not allow rewriting if arcs of a

greater multiplicity are present.
The dynamic evolution of a reconfigurable Petri net is

then given by its state graph.

Definition 30. The state graph of a reconfigurable Petri net

N ¼ ðP; T ;R; �0Þ is the labeled directed graph whose nodes

are states of N and whose arcs (labeled with events) are of two

kinds:

. Firing of a transition: Arcs from state ð�;MÞ to
ð�;M 0Þ that are labeled with transition t when
transition t can fire in the net � at marking M and
leads to marking M 0,

. Change of configuration: Arcs from state ð�;MÞ to
state ð�0;MÞ that are labeled with rule r 2 R if �½ri�0

is a transition of the configuration graph of N .

In other words, the set of labeled arcs of the state graph of N is

given by
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Fig. 7. Moving the head to the right. (a) The active cell is the rightmost cell. (b) The active cell is not the rightmost cell.

Fig. 8. Moving the head to the left. (a) The active cell is the leftmost cell. (b) The active cell is not the leftmost cell.



fð�;MÞ !t ð�;M 0Þ j M½tiM 0 in �g [
fð�;MÞ !r ð�0;MÞ j �½ri�0 in GðNÞg:

It is obvious from the previous definition that the evolution
of a system modeled by a reconfigurable Petri net depends
on what event takes place. If a transition is fired, only the
net marking is affected (as in Petri nets) whereas, if a
rewriting rule is applied, the net structure is modified and
the marking continues being the original marking (i.e.,
changes of configurations are orthogonal to the behavior of
the underlying net). On the other hand, in the general case
of net rewriting systems, the application of a rewriting rule
not only affects net structure but also net marking and,
therefore, the behavior is distinct to the underlying net.
Nevertheless, since there are only modeling and simulating
tools for this case and it is not difficult to restrict the
behavior so that changes of configurations take place when
some system local properties occur, it is possible to take into
account these limits at simulator level.

Each change of configuration that could take place in a
reconfigurable Petri net is represented by a rewriting rule.
To define these rules in a generic way, we can group places
and transitions according to a designer decision. This
doesn’t change the nature of the considered model, but it
facilitates its description. So, we let two places (transitions)
play the same role if the designer groups them as the same
kind of place (transition).

Example 3 (Producers/Consumers). Fig. 9 represents two
half-duplex communicating lines between two produ-
cers/consumers. In this reconfigurable Petri net, some
changes of configuration could take place. Each of them
is represented by a rewriting rule. In the example, we
distinguish the role P , Q, and S between places and the
role A and B between transitions: P ¼ fP1; P2; P3; P4g,
Q ¼ fP5; P6g, S ¼ fP7; P8; P9; P10g, A ¼ ft1; t2g, a n d
B ¼ ft3; t4; t5; t6g.

We define four rewriting rules using the formal sums
notation previously introduced.

1. Change from sequential to parallel mode (Fig. 10):

R1 : QðA�AÞ þQð�AþAÞ . Qð;Þ þQð;Þ:

2. Change of sense in one communicating line
(Fig. 11):

R2 : P ð�AÞ þ P ðAÞ . P ðAÞ þ P ð�AÞ:

3. Change from producer/consumer (Fig. 12):

R3 : SðB�BÞ þ P ð�BÞ þ Sð�BþBÞ þ P ðBÞ .
SðB�BÞ þ P ðBÞ þ Sð�BþBÞ þ P ð;Þ:

4. Change from producer/consumer to producer
(Fig. 13):

R4 : SðB�BÞ þ P ð�BÞ þ Sð�BþBÞ þ P ðBÞ .
SðB�BÞ þ P ð�BÞ þ Sð�BþBÞ þ P ð;Þ:

If we change from sequential to parallel mode, we apply

the rewriting rule R1 and we obtain the state of Fig. 14 in

which only the flow relations are changed (the marking

is the original marking).
Fig. 15 shows part of the state graph of the

reconfigurable Petri net example. We can appreciate
that, depending on what event takes place, the net
marking or the net topology is changed. When we apply
a rewriting rule, we obtain a state in which only the flow
relations are changed (the marking is the original
marking), whereas, if a transition is fired, the marking
changes and the structure is not modified.

5 IMPLEMENTATION OF RECONFIGURABLE

PETRI NETS WITH PETRI NETS

The purpose of this section is to prove that reconfigurable

Petri nets are equivalent to Petri nets. At first glance, it

might seem they are not equivalent because of the set of
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Fig. 9. Two half-duplex communicating lines between two producers/

consumers.

Fig. 10. Rewriting rule to change from sequential to parallel mode.

Fig. 11. Rewriting rule to change of sense in one communicating line.

Fig. 12. Rewriting rule to change from producer/consumer to consumer.



rewriting rules of reconfigurable Petri nets. When a
rewriting rule is applied in a reconfigurable Petri net, a
change of configuration takes place (let �i½ri�j denote the
change of configuration due to rewriting rule r from �i to
�j) (i.e., a change in net structure). To obtain an equivalent
Petri net, these changes of configuration must be present
(i.e., all possible configurations must be represented in the
net). We can therefore deduce that the number of config-
urations must be finite to be represented.

Let us call a local configuration a map T ! IN� IN that
represents the incoming and outgoing flow relations with
respect to the fixed set of transitions T of some place of a
configuration of the reconfigurable Petri net. A configura-
tion of a reconfigurable Petri net then amounts to associat-
ing each place (in the fixed set of places) with the
corresponding local configuration. Now, the latter condi-
tion in the above definition shows that a local configuration
of a reconfigurable Petri net should be either some local
configuration of the initial configuration or some local
configuration of a right-hand side of some rule. Thus, there
are only finitely many local configurations and (since the set
of places is itself fixed), only finitely many configurations.
Let ConfðNÞ ¼ f�0;�1; . . . ;�kg denote the set of configura-
tions of a reconfigurable Petri net N , where �0 is the
configuration of the initial state �0 ¼ ð�0;M0Þ (the initial
configuration).

We can then easily construct an equivalent Petri net ~NN ¼
ð ~PP; ~TT; ~FF; ~MM0Þ whose set of places is ~PP ¼ P [ fq0; . . . ; qkg,
(i.e., the places of the original reconfigurable Petri net
together with one specific place associated with each
possible configuration). We take as many copies of the set
of transitions as the number of configurations, i.e., the set
fq0; . . . ; qkg � T . We can imagine the places and the

transitions of a configuration �i ¼ ðP; T ; FiÞ as if they were

located in two different parallel planes, i.e., a plane with the

set of places and a plane with the set of transitions

connected by flow relations of the represented configura-

tion. Then, we set up flow relations so that the configuration

�i is represented by the plane of transitions fqig � T and the

(shared) plane of places P :

~FF ðp; ðqi; tÞÞ ¼ Fiðp; tÞ and ~FF ððqi; tÞ; pÞ ¼ Fiðt; pÞ;
where �i ¼ ðP; T ; FiÞ:

Place qi, which is associated with configuration �i,

contains at most one token and it is marked in the states

that are associated with this configuration. Thus, we set

~FF ðqi; ðqj; tÞÞ ¼
1 if i ¼ j
0 otherwise

�
ð4Þ

~FF ððqj; tÞ; qiÞ ¼
1 if i ¼ j
0 otherwise:

�
ð5Þ

Then, it is only necessary to represent the change of

configurations. For that purpose, it suffices to add one extra

transition rij for each change of configuration �i½ri�j that has

a flow relation given by ~FF ðqi; rijÞ ¼ ~FF ðrij; qjÞ ¼ 1 and
~FF ðp; rijÞ ¼ ~FF ðrij; pÞ ¼ 0, otherwise. So, the set of transitions

is ~TT ¼ ðfq0; . . . ; qkg � T Þ [ ~RR, where ~RR is the set of transitions

such that rij 2 ~RR if 9r 2 R such that �i½ri�j in GðNÞ. The
resulting Petri net initially is marked as: ~MM0ðpÞ ¼ M0ðpÞ,
where p 2 P and
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Fig. 13. Rewriting rule to change from producer/consumer to producer.

Fig. 14. Two half-duplex communicating lines between two producers/

consumers.

Fig. 15. (Part of) the state graph of the reconfigurable Petri net.



~MM0ðqiÞ ¼
1 if i ¼ 0
0 otherwise:

�

To show the correspondence between reconfigurable

Petri nets and Petri nets some considerations might be taken

into account:

. If ~MM : ~PP ! IN is a reachable marking of ~NN , thenPk
i¼0

~MMðqiÞ ¼ 1, that is, from the subset of places

fq0; . . . ; qkg 2 ~PP , only one place is marked with one
token, the place qi which is associated with the

current configuration �i. From the subset of transi-

tions fq0; . . . ; qkg � T 2 ~TT , only the transitions in

fqi � Tg were enabled.
. We denote � ~MM ¼ ð� ~MM;MÞ, where M : P ! IN is a

marking of � ~MM and � ~MM ¼ �i is the configuration
associated with ~MM such that ~MMðqiÞ ¼ 1.

. Inversely, if � ¼ ð�;MÞ is a reachable state of N , we
associate the mapping ~MM� : ~PP ! IN with ~MM�ðpÞ ¼
MðpÞ if p 2 P and

~MM�ðqiÞ ¼
1 if � ¼ �i

0 otherwise:

�

. To abbreviate: ~MMð�
~MM
Þ ¼ ~MM, �ð ~MM�Þ ¼ �; �ð ~MM0Þ ¼

ð�0;M0Þ and ~MM�0 ¼ ~MM0.

Proposition 3. LetN be a reconfigurable Petri net. If � ¼ ð�;MÞ
is a reachable state of N , then

1. �½ri�0() ~MM� ½ri ~MM�0 , where �
0 ¼ ð�0;MÞ.

2. �½ti�0() ~MM�½ðqi; tÞi ~MM�0 , where � ¼ ð�i;MÞ and
�0 ¼ ð�i;M

0Þ.
Proof.

1. If we change from state � ¼ ð�i;MÞ to state �0 ¼
ð�j;MÞ in a reconfigurable Petri net due to the
firing of a rewriting rule, what differs in the
equivalent Petri net is the marking of places qi
and qj:

~MM�ðqiÞ ¼ 1¼) ~MM�0 ðqiÞ ¼ 0

~MM�ðqjÞ ¼ 0¼) ~MM�0 ðqjÞ ¼ 1:

And also in the other direction.

2. If we change from state � ¼ ð�i;MÞ to state �0 ¼
ð�i;M

0Þ in a reconfigurable Petri net due to the
firing of a transition t, what changes in an
equivalent Petri net is the marking of places p 2
P involved in the firing of transition ðqi; tÞ and
vice versa. tu

Hence, we have established that:

Theorem 2. Let N be a reconfigurable Petri net and let ~NN be its

equivalent Petri net. The markings ~MM� in which � covers the

reachable states of N are the reachable markings of ~NN , and the

marking graph of ~NN is isomorphic (see Definition 11) to the

marking graph of N .

Proof. The first part of this theorem follows from Proposi-

tion 3 and the second part is straightforward. tu

In this sense,

Corollary 2. Any reconfigurable Petri net is equivalent to some

Petri net.

Proof. Straightforward. tu

Thus, reconfigurable Petri nets are equivalent to Petri

nets, but they provide somewhat more compact representa-

tions of concurrent systems whose structures evolve at

runtime. This can be observed in Fig. 16, which illustrates a

fragment of the Petri net that is equivalent to the

reconfigurable Petri net in Example 3. To facilitate the

understanding of the implementation of a reconfigurable

Petri net with a Petri net, we only show how to represent

one change of configuration (the change from sequential to

parallel mode) and only for the places and transitions

involved. With this short fragment, we can imagine how big

the entire Petri net is and how we can best model the system

with a reconfigurable Petri net. In general, if the original

reconfigurable Petri net N ¼ ðP; T ;R; �0Þ has n places,

m transitions, r rewriting rules, and the number of accesible

configurations is kþ 1, the obtained equivalent Petri net
~NN ¼ ð ~PP; ~TT; ~FF; ~MM0Þ consists of: nþ ðkþ 1Þ places and ððkþ
1Þ �mÞ þ z transitions, where z ¼

Pk
i¼0ðj��

i j þ j��ijÞ and j��
i j

(j��ij) is the number of output (input) arcs from (to) the

configuration �i in the configuration graph of N , GðNÞ.
That is, z is the number of transitions of ~RR.
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Fig. 16. Part of Petri net equivalent to Reconfigurable Petri net of Example 3.



6 RELATED WORK AND CONCLUSIONS

We have introduced the net rewriting system, an extension
of Petri nets suited for the modeling, simulation, and
verification of concurrent systems subject to dynamic
changes. Net rewriting systems are based on two different
lines of research that extend the basic model of Petri nets,
making possible the description of dynamic changes in
concurrent systems: graph grammars [9], [21], [7] and Valk’s
self-modifying nets [23], [24]. The rewriting rules of net
rewriting systems are very similar to productions of graph
grammars (they have left and right-hand sides and
interfaces) and the application of a rewriting rule is like a
direct derivation in graph grammars (under certain condi-
tions, once an occurrence (a match) of the left-hand side in a
graph has been detected, it can be replaced by the right-
hand side). As in self-modifying nets, we model a system
which consists of a set of Petri nets, called configurations,
and a mechanism that allows the system to evolve from one
configuration to another under certain circumstances.

In the literature, besides Valk’s self-modifying nets, there
are some other models that allow for the description of
complex dynamic concurrent systems: the mobile nets} of
Asperti and Busi [1] originated from a merging of Petri nets
with the name managing techniques typical in �-calculus
[18] and the dynamic nets of Buscemi and Sassone [8]
inspired by the join calculus [13], [14], that allow the
dynamic creation of components as in our proposal; the
�-nets of Gradit et al. [15] and Vernadat et al. [25], a
rewriting formalism which integrates the advantages of
Petri nets and graph grammars, respectively, for behavior
specification and topological transformations of a work-
flow; the POP formalism introduced by Engelfriet et al. [12]
and the related model of cooperating automata by Badouel
et al. [2], in which tokens are active elements with dynamic
behavior. For all of them, like in our model, the description
of changes is internal and incremental and their handling is
local. Also, the idea of rewriting underlies all proposals, the
configuration of the system is described as a Petri net, and a
change of configuration as a graph rewriting rule which
replaces the part of the system that matches the left-hand
side of the rewriting rule by the corresponding right-hand
side. With respect to the expressive power, all of them are
Turing-equivalent, as is our model. The model of net
rewriting systems is closer to Petri nets.

We have distinguished two particular classes of net
rewriting systems according to their transfer relations � .
The model of reconfigurable Petri nets is a particular net
rewriting system where � is a bijection. This model (even if
formally equivalent to Petri nets) allows us to more
precisely express systems in which structural dynamic
changes can occur. However, automatic translation into
Petri nets ensures that all the fundamental properties of
Petri nets are still decidable for reconfigurable Petri nets.
This model is thus amenable to automatic verification tools.
However, the expansion into equivalent Petri nets may
significantly increase the size of the net. Therefore, it may be
more efficient to directly implement the methods of
verification of properties of Petri nets on the original
model. This presumes that we can define the notions of
covering graphs, linear invariants, siphons, and traps

directly for a reconfigurable Petri net, taking advantage of

the symmetries induced by the group generated by transfer

relations (which are bijections). We can also modify the

definition of reconfigurable Petri nets, taking into account

the net marking in rewriting rules, i.e., the net will only be

reconfigured when a certain marking is reached. These

topics are the subject of our current research.

In contrast, the entire class of net rewriting systems is

Turing powerful and, thus, automatic verification is no

longer possible in that case. However, this model is still

interesting as a modeling and simulation tool. For some of

the models described above, software tools have been

developed for editing and simulating systems using a

graphical user interface that permits a visualization of the

current configuration of the system. These tools provide

software support for the design of prototypes for dynamic

concurrent systems. We are currently implementing a

simulator for net rewriting systems.
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